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t. Motivated by the 
urrent studies on the intera
tions betweenfuzzy logi
 and 
haos theory, for instan
e, fuzzy modeling of 
haoti
 sys-tems using Takagi-Sugeno (TS) models, linguisti
 des
riptions of 
haoti
systems, fuzzy 
ontrol of 
haos, 
omplex fuzzy systems, and a 
ombi-nation of fuzzy 
ontrol te
hnology and 
haos theory for an engineer-ing pra
ti
e, this survey paper aims to provide some heuristi
 resear
ha
hievements and insightful ideas to attra
t more attention on the topi
,intera
tions or relationship between fuzzy logi
 and 
haos theory, whi
hare related at least within the 
ontext of human reasoning and informa-tion pro
essing.1 Introdu
tionThe naissan
e of fuzzy logi
 and the prosperity of s
ienti�
 resear
h on 
haostheory o

urred almost at the same time in the 1960s, a de
ade full of 
onfusion,when s
ientists fa
ed di�
ulties in dealing with impre
ise information and 
om-plex dynami
s. A set theory and then an in�nite-valued logi
 of Lot� A. Zadehwere so 
onfusing that they were 
alled fuzzy set theory and fuzzy logi
 in 1965;a deterministi
 system found by Edward N. Lorenz in 1963 to have randombehaviors was so unusual that it was lately named a 
haoti
 system [1, 2℄.Sin
e then, fuzzy set theory and 
haos theory have independently developedalong their own ways and matured as s
ien
es (although still evolving). Theyhave provided many insights into previously intra
table and inherently impre
iseor 
omplex nonlinear natural phenomena.In parti
ular, fuzzy systems te
hnology has a
hieved its maturity with wide-spread appli
ations in many industrial, 
ommer
ial and te
hni
al �elds, rangingfrom 
ontrol, automation, and arti�
ial intelligen
e to image/signal pro
essing,pattern re
ognition, and ele
troni
 
ommer
e. Chaos, on the other hand, was
onsidered as one of the three monumental dis
overies of the twentieth 
enturytogether with the theory of relativity and quantum me
hani
s. As a very spe
ialnonlinear dynami
al phenomenon, 
haos has rea
hed its 
urrent outstandingstatus from being merely a s
ienti�
 
uriosity in the mid-1960s to an appli
ablete
hnology in the late 1990s. 375



376 Z. Li & W. HalangWhy do we bring together the two seemingly unrelated 
on
epts to studytheir intera
tions and relationships? On the one hand, �nding the intrinsi
 re-lationship between fuzzy logi
 and 
haos theory is 
ertainly of signi�
ant inter-est and of potential importan
e. The past twenty years have indeed witnessedsome serious explorations of the intera
tions between fuzzy logi
 and 
haos the-ory, leading to su
h resear
h topi
s as fuzzy modeling of 
haoti
 systems usingTakagi-Sugeno models [3℄, linguisti
 des
riptions of 
haoti
 systems [4, 5℄, fuzzy
ontrol of 
haos [6℄, and a 
ombination of fuzzy 
ontrol te
hnology and 
haostheory for various engineering pra
ti
es [7℄. On the other hand, the reason tostudy the intera
tions between fuzzy logi
 and 
haos theory lies in that they arerelated at least within the 
ontext of human reasoning and information pro
ess-ing. In fa
t, fuzzy logi
 resembles human approximate reasoning using impre
iseand in
omplete information with ina

urate and even self-
on�i
ting data togenerate reasonable de
isions under su
h un
ertain environments, while 
haoti
dynami
s play a key role in human brains for pro
essing massive amounts ofinformation instantly. It is believed that the 
apability of humans in 
ontrolling
haoti
 dynami
s in their brains is more than just an a

idental by-produ
t ofthe brain's 
omplexity, but rather, it 
ould be the 
hief property that makes thehuman brain di�erent from any arti�
ial-intelligen
e ma
hines [8℄. It is also be-lieved that to understand the 
omplex information pro
essing within the humanbrain, fuzzy data and fuzzy logi
al inferen
e are essential, sin
e pre
ise math-emati
al des
riptions of su
h models and pro
esses are 
learly out of questionwith today's s
ienti�
 knowledge.What is ne
essary to mention is that Lot� A. Zadeh has integrated fuzzy logi
and 
haos theory into the 
on
ept of soft 
omputing (SC), where he states thatSC 
onsists of fuzzy logi
 (FL), neural network theory (NN) and probabilisti
reasoning (PR), with the latter subsuming parts of belief networks, geneti
 al-gorithms, 
haos theory and learning theory. It is noted that SC is not a melangeof FL, NN and PR. Rather, it is an integration in whi
h ea
h of the partners
ontributes a distin
t methodology for addressing problems in their 
ommondomain. In this perspe
tive, the prin
ipal 
ontributions of FL, NN and PR are
omplementary rather than 
ompetitive.This paper aims to provide some heuristi
 resear
h a
hievements and insight-ful ideas to attra
t more attention on the topi
, through reviewing the 
urrentstudies on the intera
tions between fuzzy logi
 and 
haos theory, in
luding fuzzymodeling of 
haoti
 systems using Takagi-Sugeno (TS) models, linguisti
 de-s
riptions of 
haoti
 systems, fuzzy 
ontrol of 
haos, 
omplex fuzzy systems, anda 
ombination of fuzzy 
ontrol te
hnology and 
haos theory for an engineeringpra
ti
e.2 Fuzzy De�nition of ChaosThe term 
haos asso
iated to an interval map was �rst formally introdu
edinto mathemati
s by Li and Yorke in 1975 [9℄, where they established a simple



Fuzzy Logi
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riterion for the existen
e of 
haos in one-dimensional di�eren
e equations, i.e.,�period three implies 
haos�.However, a de�nitive, universally a

epted, and 
ompletely rigorous math-emati
al de�nition of 
haos is not yet available in the s
ienti�
 literature toprovide a fundamental basis for studying su
h exoti
 phenomena. Instead, var-ious alternative, but 
losely related de�nitions of 
haos have been proposed,along with me
hanisms giving rise to su
h behavior. Among those, the originalde�nition of Li and Yorke and its �ne tuning by Devaney seem to be the mostpopular. These de�nitions of 
haos have been generated to di�eren
e equationsin Rn, Bana
h spa
es and 
omplete metri
 spa
es. In parti
ular, an appli
ationof the de�nition in 
omplete metri
 spa
es to 
haoti
 dynami
s on the metri
spa
e (En, D) of fuzzy sets on the base spa
eRn may lay a foundation for furtherstudy on the intera
tions between fuzzy logi
 and 
haos theory [10℄.It is shown by the result of Li and Yorke that su
h 
haoti
 behavior 
ouldarise in quite simple systems and 
ould be generated by quite simple me
ha-nisms. In parti
ular, the �period three implies 
haos� result in s
alar di�eren
eequations involves noninvertible, 
ontinuous maps rather than more demandingdi�eomorphisms. Consequently, one may ask to what extent the one-dimensionalresult of Li and Yorke 
arries over to a higher dimensional di�eren
e equation
xk+1 = f(xk), k = 0, 1, 2, . . . , (1)with a 
ontinuous map f : X → X , where X is a 
losed subset of Rn for n ≥ 2.A 
ounterexample shows that the result does not 
arry over to higher dimen-sions without some suitable restri
tion on the 
lass of maps f [11℄. To determinea suitable 
lass of maps for whi
h the result of the Li and Yorke might holdin higher dimensions, we found that the one-dimensional maps for whi
h thedi�eren
e equation (1) have 
y
les of period three all have graphs with a hump,i.e., whi
h fold over on themselves, namely, they are not one-to-one maps. Thissuggests that attention might pro�tably be restri
ted to maps that are not one-to-one. This was done by Marotto [12℄ who showed that di�eren
e equations on

Rn de�ned in terms of 
ontinuously di�erentiable maps with snap-ba
k repellers,so 
onsequently not one-to-one, behave 
haoti
ally in the sense of Li and Yorke.His proof used the inverse fun
tion theorem for one-to-one lo
al restri
tions ofthe maps and the Brouwer �xed point theorem, but otherwise paralleled theproof of Li and Yorke for one-dimensional maps. This was extended in 1981to maps with a saddle point by Kloeden [13℄ and Shiraiwa and Kurata [14℄.Further, the result of Kloeden for the 
ase of saddle points in a �nite dimen-sional Eu
lidean spa
e Rn 
an be easily extended by using the S
hauder �xedpoint theorem to a Bana
h spa
e. Even more generally, some 
riteria for 
haosof di�eren
e equations in general 
omplete metri
 spa
es have been given in [15℄.What we 
on
ern here is to generalize the Li-Yorke and Marotto de�nitionsto be appli
able to maps from a spa
e of fuzzy sets into itself, namely the metri
spa
e (En, D) of fuzzy sets on the base spa
e Rn. The result to be given belowis essentially an adaptation of the result in a Bana
h spa
e, whi
h is possiblebe
ause the metri
 spa
es of fuzzy sets under 
onsideration 
an be embedded asa 
one in a 
ertain Bana
h spa
e.



378 Z. Li & W. HalangHere, we simply give the Kaleva �xed point theorem without giving somebasi
 terminologies [16℄.Theorem 1. (Kaleva)Let f : En → En be 
ontinuous and let X be a non-empty 
ompa
t 
onvex subsetof En su
h that f(X ) ⊆ X . Then f has a �xed point ū = f(ū) ∈ X .Consider an iterative s
heme of fuzzy sets
uk+1 = f(uk), k = 1, 2, . . . , (2)where f is a 
ontinuous map from the spa
e of fuzzy sets En into itself. Usingthe Kaleva �xed point theorem, su�
ient 
onditions will be given below for amap on fuzzy sets to be 
haoti
.Theorem 2. (Kloeden [17℄)Let f : En → En be 
ontinuous and suppose that there exist non-empty 
ompa
tsubsets A and B of En, and integers n1, n2 ≥ 1 su
h that(i) A is homeomorphi
 to a 
onvex subset of En,(ii) A ⊆ f(A),(iii) f is expanding on A, that there exists a 
onstant λ > 1 su
h that

λD(u, v) ≤ D(f(u), f(v))for all u, v ∈ A,(iv) B ⊂ A,(v) fn1(B) ∩ A = ∅,(vi) A ⊆ fn1+n2(B),(vii) fn1+n2 is one-to-one on B.Then the map f is 
haoti
.It is noted that di�eren
e equations generated by Poin
aré se
tion mapsprovide a link between the dynami
s of dis
rete-time dynami
al systems and
ontinuous-time dynami
al systems. However, it has been mu
h more di�
ult togive a mathemati
ally rigorous proof of the existen
e of 
haos in a 
ontinuous-time nonlinear autonomous systems. Even one of the 
lassi
 i
ons of modernnonlinear dynami
s, the Lorenz attra
tor, now known for 40 years, was notproven rigorously to be 
haoti
 until 1999 by Warwi
k Tu
ker of the Universityof Uppsala in his Ph.D. dissertation [18℄. A 
ommonly agreed analyti
 
riterionfor proving the existen
e of 
haos in 
ontinuous-time systems is based on thefundamental work of Shil'nikov, known as the Shil'nikov method or Shil'nikov
riterion [19℄, whose role is in some sense equivalent to that of the Li-Yorke def-inition in the dis
rete setting. The Shil'nikov 
riterion guarantees that 
omplexdynami
s will o

ur near homo
lini
ity or hetero
lini
ity when an inequality(Shil'nikov inequality) is satis�ed between the eigenvalues of the linearized �owaround the saddle point(s), i.e., if the real eigenvalue is larger in modulus thanthe real part of the 
omplex eigenvalue. Complex behavior always o

urs whenthe saddle set is a limit 
y
le.



Fuzzy Logi
 and Chaos Theory 3793 From Chaos to FuzzinessThis se
tion dis
usses fuzzy modeling of 
haoti
 systems, meaning to transform
haoti
 systems into fuzzy formulations.Fuzzy system models basi
ally fall into two 
ategories, whi
h di�er funda-mentally in their abilities to represent di�erent types of information. The �rst
ategory in
ludes linguisti
 models, whi
h have been referred to so far as Mam-dani fuzzy models. They are based on 
olle
tions of IF-THEN rules with vaguepredi
ates and use fuzzy reasoning [20, 21℄. In these models, fuzzy quantities areasso
iated with linguisti
 labels, and a fuzzy model is essentially a qualitativeexpression of the underlying system. Models of this type form a basis for qualita-tive modeling that des
ribes the system behavior by using natural language [22℄.A 
orresponding fuzzy logi
 
ontroller is a prototypi
al example of su
h a linguis-ti
 model, in whi
h its rules give a linguisti
 expression of the 
ontrol strategyin a 
ommon sense.The se
ond 
ategory of fuzzy models is based on the Takagi-Sugeno (TS)method of reasoning [23�25℄. These models are formed by logi
al rules that havea fuzzy ante
edent part and a fun
tional 
onsequent. They are 
ombinations offuzzy and nonfuzzy models. Fuzzy models based on the TS method of reasoningintegrate the ability of linguisti
 models for qualitative knowledge representationwith great potential for expressing quantitative information.3.1 Fuzzy Modeling of Chaoti
 Systems based on Mamdani ModelFuzzy logi
 allows to model pro
esses in a linguisti
 manner. The basi
 
on�g-uration of a fuzzy logi
 system is 
omposed of a fuzzy�er, a fuzzy rule-base, afuzzy inferen
e engine, and a defuzzy�er, where the fuzzy rule-base 
onsists ofa 
olle
tion of fuzzy IF-THEN rules, and the fuzzy inferen
e engine uses thesefuzzy IF-THEN rules to determine a map from fuzzy inputs to fuzzy outputsbased on fuzzy 
omposition rules.A systemati
 approa
h for modeling 
haoti
 systems using Mamdani modelis never available, Baglio et al. [4, 5℄ have, however, subtly derived Mamdanifuzzy models of some typi
al 
haoti
 systems. To do so, a good des
ription of
haoti
 systems is required. The de�nition of 
haoti
 behaviors involves the threefundamental 
on
epts of transitivity, density of periodi
 orbits, and sensitivityto initial 
onditions [26℄. Furthermore, from a qualitative point of view, 
haos
an be de�ned by monitoring the time evolution of traje
tories emanating fromnearby points on the attra
tor. In a 
haoti
 system, points that are 
lose toea
h other repel themselves so that the �ow stret
hes. Then, a folding a
tionmust take pla
e for the 
haoti
 behavior to 
ombine with the boundedness ofthe attra
tor. The stret
hing and folding features of the �ow are responsible forthe sensitivity to initial 
onditions, and 
hara
terize the 
haoti
 behavior.To develop a fuzzy model of the evolution of a 
haoti
 signal x, two variables
an be 
onsidered as inputs, i.e., the 
enter value x(k), whi
h is the nominalvalue of the state x at the instant k, and the un
ertainty d(k) on the 
entervalue. In terms of fuzzy des
ription, this means that the model 
ontains four



380 Z. Li & W. Halanglinguisti
 variables, i.e., x(k), x(k + 1), d(k) and d(k + 1). The whole set of ruleshas to determine the values x(k +1) and d(k +1) from the values x(k) and d(k).Take the logisti
 map x(k+1) = µx(k)(1−x(k)), µ = 4, whi
h shows a single-s
roll attra
tor, as an example to illustrate the modeling pro
edure. In this singles
roll system, x tends to move out from the trivial equilibrium point x∗
1 = 0until x begins to os
illate around the nontrivial equilibrium point x∗

2 = 3/4. Thein
reasing amplitude of the os
illations for
es the traje
tory to enter again theneighborhood of x∗
1 = 0, where, due to its instability, the above pro
ess repeats.The linguisti
 variables of the system, (x(k), x(k + 1), d(k), d(k + 1)), take �velinguisti
 values: zero (Z), small (S), medium (M), large (L) and very large (VL).The fuzzy sets asso
iated to these linguisti
 values are shown in Fig. 1. They are
onstru
ted in su
h a way that the equilibrium point x∗

2 = 3/4 is between thefuzzy set M and the fuzzy set L.
-
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 mapIn other words, when x is smaller than the nontrivial equilibrium point x∗
2 =

3/4, it tends to in
rease and, when x is very large, it tends to de
rease, whi
h
an be summarized in the following rules.
R1 : IF x(k) is S THEN x(k + 1) is M ;
R2 : IF x(k) is V L THEN x(k + 1) is Z.In this way, a 
omplete set of fuzzy rules to generate a single-s
roll 
haoti
system is summarized in Table 1The traje
tory of the fuzzy system in the phase spa
e is shown in Fig. 2 withthe 
enter-of-sums defuzzi�
ation method and the produ
t as t-norm, whi
h isobviously similar to that of the original logisti
 map.3.2 Fuzzy Modeling of Chaoti
 Systems based on TS ModelAs mentioned above, the TS fuzzy model adopts linear fun
tions rather thanfuzzy sets in the 
onsequen
e part, thus, linearization methods are often usedin modeling, where the following theorem 
an be used to 
onvert the nonlinearterms in the nonlinear systems to weighted linear sums of some linear fun
-tions [27℄.
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 and Chaos Theory 381Table 1. Fuzzy rules implementing a single s
roll 
haoti
 system
x(k)/d(k) Z S M L VLZ Z/Z Z/M Z/M S/VL L/LS M/Z M/M M/M M/VL L/SM L/Z L/M L/M L/VL VL/SL M/Z M/M M/M M/VL Z/SVL Z/Z Z/M Z/M Z/VL Z/L

Fig. 2. The logisti
 map generated by the fuzzy modelTheorem 3. Consider the following nonlinear term:
fn = x1x2 · · ·xn , (3)where xi ∈

[

M i
1 , M i

2

]. Formula (3) 
an exa
tly be represented by a linear weightedsum of the form
fn =





2
∑

i2,i3,...,in=1

µi2i3···in
· gi2i3···in



x1, (4)where
gi2i3···in

=

n
∏

j=2

M j
ij

, µi2i3···in
=

n
∏

j=2

Γ j
ij

,in whi
h Γ j
ij

is positive semi-de�nite for all xj ∈ [M1 , M2], de�ned as follows:
Γ j

1 =
−xj + M j

2

M j
2 − M j

1

, Γ j
2 =

xj − M j
1

M j
2 − M j

1

.Proof. It 
an be easily proved using indu
tive reasoning, thus, the proof is omit-ted here.



382 Z. Li & W. HalangHerewith, for most of 
haoti
 systems, their exa
t TS fuzzy models 
an beeasily derived to be with only two fuzzy rules. Here, the word �exa
t� means thatthe defuzzi�ed output of the TS fuzzy models are mathemati
ally identi
al tothat of the original nonlinear systems.For instan
e, the Lorenz equations,
d

dt





x
y
z



 =





−σx + σy
rx − y − xz

xy − bz



 , (5)where σ, r, b > 0 are parameters, 
an be expressed as the following TS fuzzymodel: Rule 1: IF x(t) is about M1 THEN d

dt





x(t)
y(t)
z(t)



 = A1





x(t)
y(t)
z(t)



Rule 2: IF x(t) is about M2 THEN d

dt





x(t)
y(t)
z(t)



 = A2





x(t)
y(t)
z(t)



where
A1 =





−σ σ 0
r −1 −M1

0 M1 −b



 , A2 =





−σ σ 0
r −1 −M2

0 M2 −b



 ,and the membership fun
tions are
Γ1 =

−x + M2

M2 − M1

, Γ2 =
x − M1

M2 − M1

,where Γi, i = 1, 2, are positive semi-de�nite for all x ∈ [M1, M2].4 From Fuzziness to ChaosIt is 
lear to see that fuzzy modeling of 
haoti
 systems implies that fuzzy systems
an be also 
haoti
. In 
ontrast to the last se
tion, �from fuzziness to 
hao� meansto make originally stable or non-
haoti
 fuzzy systems 
haoti
. This is of pra
ti
alsigni�
an
e, sin
e 
haos 
an a
tually be useful under 
ertain 
ir
umstan
es, andthere is growing interest in utilizing the very nature of 
haos [28�31℄.One simple, yet mathemati
ally rigorous 
ontrol method from the engineer-ing feedba
k 
ontrol approa
h was developed, where a linear state-feedba
k 
on-troller with an uniformly bounded 
ontrol-gain sequen
e 
an be designed tomake all Lyapunov exponents of the 
ontrolled system stri
tly positive and ar-bitrarily assigned. Moreover, su
h a 
ontroller 
an be designed for an arbitrarilygiven, n-dimensional dynami
al system that 
ould originally be non
haoti
 oreven asymptoti
ally stable. The goal of 
haoti�
ation is �nally a
hieved witha simple modulus operation or a sawtooth (or even a sine) fun
tion. The de-sign 
riterion is to use the de�nition of 
haos given by Devaney or Li-Yorke [9℄,
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 and Chaos Theory 383while for the n-dimensional 
ase the Marotto theorem [12℄ was used for a proof.For the 
ontinuous-time 
ase, a general approa
h to make an arbitrarily givenautonomous system 
haoti
 has also been proposed re
ently [32�35℄. Here, themain tool to use is time-delay feedba
k perturbation on a system parameter oras an exogenous input [33℄.These 
haoti�
ation te
hniques 
an be applied to TS fuzzy systems, wherethe so-
alled parallel distributed 
ompensation (PDC) te
hnique is employed todetermine the stru
ture of a fuzzy 
ontroller [38�43℄.It is remarked that modeling of 
haoti
 systems based on Mamdani modelsdis
ussed above provides a means to generate 
haos from Mamdani fuzzy systemsin a linguisti
 manner.5 Fuzzy Control of Fuzzy Chaoti
 SystemsFor many years, the main feature of 
haos, i.e., the extreme sensitivity to initial
onditions, made 
haos undesirable, and most experimentalists 
onsider su
h
hara
teristi
s as something to be strongly avoided [36, 37℄. In addition to thisfeature, 
haoti
 systems have two other important ones. First, there are in�nitemany unstable periodi
 orbits embedded in the underlying 
haoti
 attra
tor,and se
ond, the dynami
s in the 
haoti
 attra
tor is ergodi
, whi
h implies thatduring its temporal evolution the system ergodi
ally visits any small neighbor-hood of every point in ea
h of the unstable periodi
 orbits embedded within the
haoti
 attra
tor.Owing to these properties, a fuzzy 
haoti
 system, the fuzzy formulationof a 
haoti
 system, 
an be seen as shadowing some periodi
 behavior at agiven time, and errati
ally jumping from one to another periodi
 orbit. Thus,when a traje
tory approa
hes ergodi
ally a desired periodi
 orbit embedded inthe 
haoti
 attra
tor, one 
an apply small perturbations to stabilize su
h anorbit. Therefore, we 
an say that the extreme sensitivity of a 
haoti
 system to
hanges in its initial 
onditions may be very desirable in pra
ti
al experimentalsituations [37℄. It su�
es to note that, due to 
haos, using the same 
haoti
system one is able to produ
e in�nite many desired dynami
al behaviors (eitherperiodi
 or not periodi
) only with properly 
hosen tiny perturbations. Thisproperty is not shared by non-
haoti
 systems, be
ause the perturbations neededtherein for produ
ing a desired behavior must, in general, be of the same orderof magnitude as the unperturbed dynami
al variables.Generally, 
haos 
ontrol approa
hes 
an be divided into two broad 
ategories:feedba
k and nonfeedba
k (or say, open-loop) 
ontrol approa
hes. Feedba
k 
on-trol methods do not 
hange the 
ontrolled systems and stabilize unstable peri-odi
 orbits embedded in 
haoti
 attra
tors, while nonfeedba
k 
ontrol methodsslightly 
hange the 
ontrolled system, mainly by a small tuning of 
ontrol pa-rameter, 
hanging the system behavior from 
haoti
 attra
tor to periodi
 orbit,whi
h is 
lose to the initial attra
tor.It is known that the nonfeedba
k approa
h is mu
h less �exible, and re-quires more prior knowledge of motion. To apply su
h an approa
h, one does



384 Z. Li & W. Halangnot have to follow the traje
tory. The 
ontrol 
an be a
tivated at any time,and one 
an swit
h from one periodi
 orbit to another without returning intothe 
haoti
 behavior. This approa
h 
an be very useful in me
hani
al systems,where the feedba
k 
ontrol systems are often very large (sometimes larger thanthe system 
ontrolled). The extremely simple, easily implementable, low-
ost,and reliable nonfeedba
k approa
hes are widely applied in many physi
al ex-periments and industrial pro
esses today, parti
ularly for nonlinear dynami
alsystems, as a uni�ed feedba
k 
ontrol approa
h has not been fully establishedfor general nonlinear dynami
al systems. Roughly speaking, the nonfeedba
k ap-proa
hes in
lude the entrainment and migration 
ontrol method [44�46℄, 
ontrolthrough external for
ing [47, 48℄, while the feedba
k approa
hes in
lude the Ott-Grebogi-Yorke (OGY) method, engineering feedba
k 
ontrol method, and Pyra-gas's time-delayed feedba
k 
ontrol method [49�51℄. In addition, 
haos 
ontrolapproa
hes in
lude 
onventional linear and nonlinear 
ontrol, adaptive 
ontrol,neural networks-based 
ontrol, fuzzy 
ontrol, and another very important topi
,syn
hronization of 
haos.6 Fuzzy-Chaos-based Appli
ations: An ExampleCombination of fuzzy logi
 and 
haos theory may provide a new means in en-gineering pra
ti
e. An example is a fuzzy-model-based 
haoti
 
ryptosystem in-trodu
ed in [7, 52�54℄.Cryptography 
on
erns the ways in whi
h 
ommuni
ations and data 
an been
oded to prevent dis
losure of their 
ontents through eavesdropping or mes-sage inter
eption, using 
odes, 
iphers, or other methods, so that only 
ertainpeople 
an see the real messages. So far, varieties of 
ryptographi
 methodshave been proposed to se
ure Internet 
ommuni
ation. For instan
e, the DataEn
ryption Standard (DES) is adopted as a U.S. Federal Information Pro
essingStandard for en
rypting un
lassi�ed information. Others in
lude IDEA (Inter-national Data En
ryption Algorithm), and RSA (developed by Rivest, Shamirand Adleman). These en
ryption algorithms are based on number theory. How-ever, none of them is absolutely se
ure. Therefore, some emerging theories, su
has 
haos theory, are always desirable to be adopted to strengthen existing 
ryp-tography. The reason of applying 
haos theory in 
ryptography lies in its in-trinsi
 essential properties, su
h as sensitivity to initial 
onditions (or 
ontrolparameters) and ergodi
ity, whi
h meet Shannon's requirements of 
onfusionand di�usion for 
ryptography. In addition, 
haoti
 signals are typi
ally broad-band, noise-like, and di�
ult to predi
t. Therefore, they 
an be used in various
ontext for masking information-bearing waveforms. They 
an also be used asmodulating waveforms in spread-spe
trum systems. The idea of 
haoti
 maskingis to dire
tly add the message in a noise-like 
haoti
 signal at the end of thetransmitter, while 
haoti
 modulation is by inje
ting the message into a 
haoti
system as a spread-spe
trum transmission. Later, at the re
eiver, a 
oherentdete
tor with some signal pro
essing is employed to re
over the message. Butthe signal masking or parameter modulation approa
h to 
haoti
 
ommuni
ation



Fuzzy Logi
 and Chaos Theory 385only provides a lower level of se
urity as stated in [55℄. Using basi
 
ryptosystemtheory, a fuzzy-model-based 
haoti
 
ryptosystem has been proposed to providea methodology with a higher level of se
urity. There, Luré type dis
rete-time
haoti
 systems are �rst exa
tly represented by TS fuzzy models. Then, a super-in
reasing sequen
e is generated by using a 
haoti
 signal, whi
h 
an �exibly beused as an output of the TS fuzzy 
haoti
 drive system, or any state in whi
h thesyn
hronization error approa
hes zero. In terms of a 
ryptosystem, the plaintext(message) is en
rypted using the superin
reasing sequen
e at the drive systemside, whi
h results in the 
iphertext. The 
iphertext may be added to the outputor state of the drive system using the methodologies proposed in [7, 52℄. Further,this the 
iphertext embedding s
alar signal is sent to the response system end.Following the design of a response system, the 
haoti
 syn
hronization between adrive and a response system is a
hieved by solving LMIs. By the syn
hronization,one 
an regenerate the same superin
reasing sequen
e and re
over the 
ipher-text at the response system end. Finally, using the regenerated superin
reasingsequen
e, the 
iphertext is de
rypted into the plaintext. The blo
k diagram ofthe whole 
ryptosystem is shown in Fig. 3.
Fig. 3. Blo
k diagram of 
haoti
 en
ryption methodology

7 Con
lusionsThis paper has reviewed the 
urrent studies on the intera
tions between fuzzylogi
 and 
haos theory, from the following aspe
ts: fuzzy modeling of 
haoti
systems using Takagi-Sugeno models, linguisti
 des
riptions of 
haoti
 systems,fuzzy 
ontrol of 
haos, 
omplex fuzzy systems, and a 
ombination of fuzzy 
on-trol te
hnology and 
haos theory for various engineering pra
ti
es. What needsto emphasize is that in spite of the e�orts on exploring the intera
tions betweenfuzzy logi
 and 
haos theory, it is still far away from fully understanding theirmutual relationships. Although this paper may not give insight into their rela-tions or may raise more questions than it 
an provide answers, we hope that itnevertheless 
ontains seeds for future brooming resear
h.
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