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Abstract. Motiv ated b y the curren t studies on the in teractions b et w een

fuzzy logic and c haos theory , for instance, fuzzy mo deling of c haotic sys-

tems using T ak agi-Sugeno (TS) mo dels, linguistic descriptions of c haotic

systems, fuzzy con trol of c haos, complex fuzzy systems, and a com bi-

nation of fuzzy con trol tec hnology and c haos theory for an engineer-

ing practice, this surv ey pap er aims to pro vide some heuristic researc h

ac hiev emen ts and insigh tful ideas to attract more atten tion on the topic,

in teractions or relationship b et w een fuzzy logic and c haos theory , whic h

are related at least within the con text of h uman reasoning and informa-

tion pro cessing.

1 In tro duction

The naissance of fuzzy logic and the prosp erit y of scien ti�c researc h on c haos

theory o ccurred almost at the same time in the 1960s, a decade full of confusion,

when scien tists faced di�culties in dealing with imprecise information and com-

plex dynamics. A set theory and then an in�nite-v alued logic of Lot� A. Zadeh

w ere so confusing that they w ere called fuzzy set theory and fuzzy logic in 1965;

a deterministic system found b y Edw ard N. Lorenz in 1963 to ha v e random

b eha viors w as so un usual that it w as lately named a c haotic system [1, 2].

Since then, fuzzy set theory and c haos theory ha v e indep enden tly dev elop ed

along their o wn w a ys and matured as sciences (although still ev olving). They

ha v e pro vided man y insigh ts in to previously in tractable and inheren tly imprecise

or complex nonlinear natural phenomena.

In particular, fuzzy systems tec hnology has ac hiev ed its maturit y with wide-

spread applications in man y industrial, commercial and tec hnical �elds, ranging

from con trol, automation, and arti�cial in telligence to image/signal pro cessing,

pattern recognition, and electronic commerce. Chaos, on the other hand, w as

considered as one of the three mon umen tal disco v eries of the t w en tieth cen tury

together with the theory of relativit y and quan tum mec hanics. As a v ery sp ecial

nonlinear dynamical phenomenon, c haos has reac hed its curren t outstanding

status from b eing merely a scien ti�c curiosit y in the mid-1960s to an applicable

tec hnology in the late 1990s.
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Wh y do w e bring together the t w o seemingly unrelated concepts to study

their in teractions and relationships? On the one hand, �nding the in trinsic re-

lationship b et w een fuzzy logic and c haos theory is certainly of signi�can t in ter-

est and of p oten tial imp ortance. The past t w en t y y ears ha v e indeed witnessed

some serious explorations of the in teractions b et w een fuzzy logic and c haos the-

ory , leading to suc h researc h topics as fuzzy mo deling of c haotic systems using

T ak agi-Sugeno mo dels [3], linguistic descriptions of c haotic systems [4, 5], fuzzy

con trol of c haos [6], and a com bination of fuzzy con trol tec hnology and c haos

theory for v arious engineering practices [7]. On the other hand, the reason to

study the in teractions b et w een fuzzy logic and c haos theory lies in that they are

related at least within the con text of h uman reasoning and information pro cess-

ing. In fact, fuzzy logic resem bles h uman appro ximate reasoning using imprecise

and incomplete information with inaccurate and ev en self-con�icting data to

generate reasonable decisions under suc h uncertain en vironmen ts, while c haotic

dynamics pla y a k ey role in h uman brains for pro cessing massiv e amoun ts of

information instan tly . It is b eliev ed that the capabilit y of h umans in con trolling

c haotic dynamics in their brains is more than just an acciden tal b y-pro duct of

the brain's complexit y , but rather, it could b e the c hief prop ert y that mak es the

h uman brain di�eren t from an y arti�cial-in telligence mac hines [8]. It is also b e-

liev ed that to understand the complex information pro cessing within the h uman

brain, fuzzy data and fuzzy logical inference are essen tial, since precise math-

ematical descriptions of suc h mo dels and pro cesses are clearly out of question

with to da y's scien ti�c kno wledge.

What is necessary to men tion is that Lot� A. Zadeh has in tegrated fuzzy logic

and c haos theory in to the concept of soft c omputing (SC), where he states that

SC consists of fuzzy logic (FL), neural net w ork theory (NN) and probabilistic

reasoning (PR), with the latter subsuming parts of b elief net w orks, genetic al-

gorithms, c haos theory and learning theory . It is noted that SC is not a melange

of FL, NN and PR. Rather, it is an in tegration in whic h eac h of the partners

con tributes a distinct metho dology for addressing problems in their common

domain. In this p ersp ectiv e, the principal con tributions of FL, NN and PR are

complemen tary rather than comp etitiv e.

This pap er aims to pro vide some heuristic researc h ac hiev emen ts and insigh t-

ful ideas to attract more atten tion on the topic, through reviewing the curren t

studies on the in teractions b et w een fuzzy logic and c haos theory , including fuzzy

mo deling of c haotic systems using T ak agi-Sugeno (TS) mo dels, linguistic de-

scriptions of c haotic systems, fuzzy con trol of c haos, complex fuzzy systems, and

a com bination of fuzzy con trol tec hnology and c haos theory for an engineering

practice.

2 F uzzy De�nition of Chaos

The term chaos asso ciated to an in terv al map w as �rst formally in tro duced

in to mathematics b y Li and Y ork e in 1975 [9], where they established a simple
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criterion for the existence of c haos in one-dimensional di�erence equations, i.e.,

�p erio d three implies c haos�.

Ho w ev er, a de�nitiv e, univ ersally accepted, and completely rigorous math-

ematical de�nition of c haos is not y et a v ailable in the scien ti�c literature to

pro vide a fundamen tal basis for studying suc h exotic phenomena. Instead, v ar-

ious alternativ e, but closely related de�nitions of c haos ha v e b een prop osed,

along with mec hanisms giving rise to suc h b eha vior. Among those, the original

de�nition of Li and Y ork e and its �ne tuning b y Dev aney seem to b e the most

p opular. These de�nitions of c haos ha v e b een generated to di�erence equations

in R n
, Banac h spaces and complete metric spaces. In particular, an application

of the de�nition in complete metric spaces to c haotic dynamics on the metric

space (En ; D ) of fuzzy sets on the base space R n
ma y la y a foundation for further

study on the in teractions b et w een fuzzy logic and c haos theory [10].

It is sho wn b y the result of Li and Y ork e that suc h c haotic b eha vior could

arise in quite simple systems and could b e generated b y quite simple mec ha-

nisms. In particular, the �p erio d three implies c haos� result in scalar di�erence

equations in v olv es noninvertible, c ontinuous maps rather than more demanding

di�eomorphisms. Consequen tly , one ma y ask to what exten t the one-dimensional

result of Li and Y ork e carries o v er to a higher dimensional di�erence equation

xk+1 = f (xk ); k = 0 ; 1; 2; : : : ; (1)

with a con tin uous map f : X ! X , where X is a closed subset of R n
for n � 2.

A coun terexample sho ws that the result do es not carry o v er to higher dimen-

sions without some suitable restriction on the class of maps f [11]. T o determine

a suitable class of maps for whic h the result of the Li and Y ork e migh t hold

in higher dimensions, w e found that the one-dimensional maps for whic h the

di�erence equation (1) ha v e cycles of p erio d three all ha v e graphs with a h ump,

i.e., whic h fold o v er on themselv es, namely , they are not one-to-one maps. This

suggests that atten tion migh t pro�tably b e restricted to maps that are not one-

to-one. This w as done b y Marotto [12] who sho w ed that di�erence equations on

R n
de�ned in terms of con tin uously di�eren tiable maps with snap-b ack r ep el lers ,

so consequen tly not one-to-one, b eha v e c haotically in the sense of Li and Y ork e.

His pro of used the in v erse function theorem for one-to-one lo cal restrictions of

the maps and the Brou w er �xed p oin t theorem, but otherwise paralleled the

pro of of Li and Y ork e for one-dimensional maps. This w as extended in 1981

to maps with a saddle p oin t b y Klo eden [13] and Shiraiw a and Kurata [14].

F urther, the result of Klo eden for the case of saddle p oin ts in a �nite dimen-

sional Euclidean space R n
can b e easily extended b y using the Sc hauder �xed

p oin t theorem to a Banac h space. Ev en more generally , some criteria for c haos

of di�erence equations in general complete metric spaces ha v e b een giv en in [15].

What w e concern here is to generalize the Li-Y ork e and Marotto de�nitions

to b e applicable to maps from a space of fuzzy sets in to itself, namely the metric

space (En ; D ) of fuzzy sets on the base space R n
. The result to b e giv en b elo w

is essen tially an adaptation of the result in a Banac h space, whic h is p ossible

b ecause the metric spaces of fuzzy sets under consideration can b e em b edded as

a cone in a certain Banac h space.
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Here, w e simply giv e the Kalev a �xed p oin t theorem without giving some

basic terminologies [16].

Theorem 1. (Kalev a)

L et f : En ! E n
b e c ontinuous and let X b e a non-empty c omp act c onvex subset

of En
such that f (X ) � X . Then f has a �xe d p oint �u = f (�u) 2 X .

Consider an iterativ e sc heme of fuzzy sets

uk+1 = f (uk ); k = 1 ; 2; : : : ; (2)

where f is a con tin uous map from the space of fuzzy sets En
in to itself. Using

the Kalev a �xed p oin t theorem, su�cien t conditions will b e giv en b elo w for a

map on fuzzy sets to b e c haotic.

Theorem 2. (Klo eden [17])

L et f : En ! E n
b e c ontinuous and supp ose that ther e exist non-empty c omp act

subsets A and B of En
, and inte gers n1; n2 � 1 such that

(i) A is home omorphic to a c onvex subset of En
,

(ii) A � f (A ) ,

(iii) f is exp anding on A , that ther e exists a c onstant � > 1 such that

�D (u; v) � D (f (u); f (v))

for al l u; v 2 A ,

(iv) B � A ,

(v) f n 1 (B) \ A = ; ,

(vi) A � f n 1 + n 2 (B) ,

(vii) f n 1 + n 2
is one-to-one on B .

Then the map f is chaotic.

It is noted that di�erence equations generated b y P oincaré section maps

pro vide a link b et w een the dynamics of discrete-time dynamical systems and

con tin uous-time dynamical systems. Ho w ev er, it has b een m uc h more di�cult to

giv e a mathematically rigorous pro of of the existence of c haos in a con tin uous-

time nonlinear autonomous systems. Ev en one of the classic icons of mo dern

nonlinear dynamics, the Lorenz attractor, no w kno wn for 40 y ears, w as not

pro v en rigorously to b e c haotic un til 1999 b y W arwic k T uc k er of the Univ ersit y

of Uppsala in his Ph.D. dissertation [18]. A commonly agreed analytic criterion

for pro ving the existence of c haos in con tin uous-time systems is based on the

fundamen tal w ork of Shil'nik o v, kno wn as the Shil'nik o v metho d or Shil'nik o v

criterion [19], whose role is in some sense equiv alen t to that of the Li-Y ork e def-

inition in the discrete setting. The Shil'nik o v criterion guaran tees that complex

dynamics will o ccur near homo clinicit y or hetero clinicit y when an inequalit y

(Shil'nik o v inequalit y) is satis�ed b et w een the eigen v alues of the linearized �o w

around the saddle p oin t(s), i.e., if the real eigen v alue is larger in mo dulus than

the real part of the complex eigen v alue. Complex b eha vior alw a ys o ccurs when

the saddle set is a limit cycle.
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3 F rom Chaos to F uzziness

This section discusses fuzzy mo deling of c haotic systems, meaning to transform

c haotic systems in to fuzzy form ulations.

F uzzy system mo dels basically fall in to t w o categories, whic h di�er funda-

men tally in their abilities to represen t di�eren t t yp es of information. The �rst

category includes linguistic mo dels, whic h ha v e b een referred to so far as Mam-

dani fuzzy mo dels. They are based on collections of IF-THEN rules with v ague

predicates and use fuzzy reasoning [20, 21]. In these mo dels, fuzzy quan tities are

asso ciated with linguistic lab els, and a fuzzy mo del is essen tially a qualitativ e

expression of the underlying system. Mo dels of this t yp e form a basis for qualita-

tiv e mo deling that describ es the system b eha vior b y using natural language [22].

A corresp onding fuzzy logic con troller is a protot ypical example of suc h a linguis-

tic mo del, in whic h its rules giv e a linguistic expression of the con trol strategy

in a common sense.

The second category of fuzzy mo dels is based on the T ak agi-Sugeno (TS)

metho d of reasoning [23�25]. These mo dels are formed b y logical rules that ha v e

a fuzzy an teceden t part and a functional consequen t. They are com binations of

fuzzy and nonfuzzy mo dels. F uzzy mo dels based on the TS metho d of reasoning

in tegrate the abilit y of linguistic mo dels for qualitativ e kno wledge represen tation

with great p oten tial for expressing quan titativ e information.

3.1 F uzzy Mo deling of Chaotic Systems based on Mamdani Mo del

F uzzy logic allo ws to mo del pro cesses in a linguistic manner. The basic con�g-

uration of a fuzzy logic system is comp osed of a fuzzy�er, a fuzzy rule-base, a

fuzzy inference engine, and a defuzzy�er, where the fuzzy rule-base consists of

a collection of fuzzy IF-THEN rules, and the fuzzy inference engine uses these

fuzzy IF-THEN rules to determine a map from fuzzy inputs to fuzzy outputs

based on fuzzy comp osition rules.

A systematic approac h for mo deling c haotic systems using Mamdani mo del

is nev er a v ailable, Baglio et al. [4, 5] ha v e, ho w ev er, subtly deriv ed Mamdani

fuzzy mo dels of some t ypical c haotic systems. T o do so, a go o d description of

c haotic systems is required. The de�nition of c haotic b eha viors in v olv es the three

fundamen tal concepts of transitivit y , densit y of p erio dic orbits, and sensitivit y

to initial conditions [26]. F urthermore, from a qualitativ e p oin t of view, c haos

can b e de�ned b y monitoring the time ev olution of tra jectories emanating from

nearb y p oin ts on the attractor. In a c haotic system, p oin ts that are close to

eac h other rep el themselv es so that the �o w stretc hes. Then, a folding action

m ust tak e place for the c haotic b eha vior to com bine with the b oundedness of

the attractor. The stretc hing and folding features of the �o w are resp onsible for

the sensitivit y to initial conditions, and c haracterize the c haotic b eha vior.

T o dev elop a fuzzy mo del of the ev olution of a c haotic signal x , t w o v ariables

can b e considered as inputs, i.e., the cen ter v alue x(k) , whic h is the nominal

v alue of the state x at the instan t k , and the uncertain t y d(k) on the cen ter

v alue. In terms of fuzzy description, this means that the mo del con tains four
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linguistic v ariables, i.e., x(k) , x(k + 1) , d(k) and d(k + 1) . The whole set of rules

has to determine the v alues x(k + 1) and d(k + 1) from the v alues x(k) and d(k) .

T ak e the logistic map x(k+1) = �x (k)(1� x(k)) ; � = 4 , whic h sho ws a single-

scroll attractor, as an example to illustrate the mo deling pro cedure. In this single

scroll system, x tends to mo v e out from the trivial equilibrium p oin t x �
1 = 0

un til x b egins to oscillate around the non trivial equilibrium p oin t x �
2 = 3 =4. The

increasing amplitude of the oscillations forces the tra jectory to en ter again the

neigh b orho o d of x �
1 = 0 , where, due to its instabilit y , the ab o v e pro cess rep eats.

The linguistic v ariables of the system, (x(k); x(k + 1) ; d(k); d(k + 1)) , tak e �v e

linguistic v alues: zero (Z), small (S), medium (M), large (L) and v ery large (VL).

The fuzzy sets asso ciated to these linguistic v alues are sho wn in Fig. 1. They are

constructed in suc h a w a y that the equilibrium p oin t x �
2 = 3 =4 is b et w een the

fuzzy set M and the fuzzy set L .
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Fig. 1. The fuzzy sets for x (left) and d (righ t): logistic map

In other w ords, when x is smaller than the non trivial equilibrium p oin t x �
2 =

3=4, it tends to increase and, when x is v ery large, it tends to decrease, whic h

can b e summarized in the follo wing rules.

R1 : IF x(k) is S THEN x(k + 1) is M ;

R2 : IF x(k) is V L THEN x(k + 1) is Z .

In this w a y , a complete set of fuzzy rules to generate a single-scroll c haotic

system is summarized in T able 1

The tra jectory of the fuzzy system in the phase space is sho wn in Fig. 2 with

the cen ter-of-sums defuzzi�cation metho d and the pro duct as t -norm, whic h is

ob viously similar to that of the original logistic map.

3.2 F uzzy Mo deling of Chaotic Systems based on TS Mo del

As men tioned ab o v e, the TS fuzzy mo del adopts linear functions rather than

fuzzy sets in the consequence part, th us, linearization metho ds are often used

in mo deling, where the follo wing theorem can b e used to con v ert the nonlinear

terms in the nonlinear systems to w eigh ted linear sums of some linear func-

tions [27].
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T able 1. F uzzy rules implemen ting a single scroll c haotic system

x(k)=d(k) Z S M L VL

Z Z/Z Z/M Z/M S/VL L/L

S M/Z M/M M/M M/VL L/S

M L/Z L/M L/M L/VL VL/S

L M/Z M/M M/M M/VL Z/S

VL Z/Z Z/M Z/M Z/VL Z/L

Fig. 2. The logistic map generated b y the fuzzy mo del

Theorem 3. Consider the fol lowing nonline ar term:

f n = x1x2 � � � xn ; (3)

wher e x i 2
�
M i

1 ; M i
2

�
. F ormula (3) c an exactly b e r epr esente d by a line ar weighte d

sum of the form

f n =

0

@
2X

i 2 ;i 3 ;:::;i n =1

� i 2 i 3 ��� i n � gi 2 i 3 ��� i n

1

A x1; (4)

wher e

gi 2 i 3 ��� i n =
nY

j =2

M j
i j

; � i 2 i 3 ��� i n =
nY

j =2

� j
i j

;

in which � j
i j

is p ositive semi-de�nite for al l x j 2 [M 1 ; M 2], de�ne d as fol lows:

� j
1 =

� x j + M j
2

M j
2 � M j

1

; � j
2 =

x j � M j
1

M j
2 � M j

1

:

Pr o of. It can b e easily pro v ed using inductiv e reasoning, th us, the pro of is omit-

ted here.
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Herewith, for most of c haotic systems, their exact TS fuzzy mo dels can b e

easily deriv ed to b e with only t w o fuzzy rules. Here, the w ord �exact� means that

the defuzzi�ed output of the TS fuzzy mo dels are mathematically iden tical to

that of the original nonlinear systems.

F or instance, the Lorenz equations,

d
dt

2

4
x
y
z

3

5 =

2

4
� �x + �y

rx � y � xz
xy � bz

3

5 ; (5)

where �; r; b > 0 are parameters, can b e expressed as the follo wing TS fuzzy

mo del:

Rule 1: IF x(t) is ab out M 1 THEN

d
dt

2

4
x(t)
y(t)
z(t)

3

5 = A1

2

4
x(t)
y(t)
z(t)

3

5

Rule 2: IF x(t) is ab out M 2 THEN

d
dt

2

4
x(t)
y(t)
z(t)

3

5 = A2

2

4
x(t)
y(t)
z(t)

3

5

where

A1 =

2

4
� � � 0
r � 1 � M 1

0 M 1 � b

3

5 ; A2 =

2

4
� � � 0
r � 1 � M 2

0 M 2 � b

3

5 ;

and the mem b ership functions are

� 1 =
� x + M 2

M 2 � M 1
; � 2 =

x � M 1

M 2 � M 1
;

where � i ; i = 1 ; 2; are p ositiv e semi-de�nite for all x 2 [M 1; M 2].

4 F rom F uzziness to Chaos

It is clear to see that fuzzy mo deling of c haotic systems implies that fuzzy systems

can b e also c haotic. In con trast to the last section, �from fuzziness to c hao� means

to mak e originally stable or non-c haotic fuzzy systems c haotic. This is of practical

signi�cance, since c haos can actually b e useful under certain circumstances, and

there is gro wing in terest in utilizing the v ery nature of c haos [28�31].

One simple, y et mathematically rigorous con trol metho d from the engineer-

ing feedbac k con trol approac h w as dev elop ed, where a linear state-feedbac k con-

troller with an uniformly b ounded con trol-gain sequence can b e designed to

mak e all Ly apuno v exp onen ts of the con trolled system strictly p ositiv e and ar-

bitrarily assigned. Moreo v er, suc h a con troller can b e designed for an arbitrarily

giv en, n -dimensional dynamical system that could originally b e nonc haotic or

ev en asymptotically stable. The goal of c haoti�cation is �nally ac hiev ed with

a simple mo dulus op eration or a sa wto oth (or ev en a sine) function. The de-

sign criterion is to use the de�nition of c haos giv en b y Dev aney or Li-Y ork e [9],
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while for the n -dimensional case the Marotto theorem [12] w as used for a pro of.

F or the con tin uous-time case, a general approac h to mak e an arbitrarily giv en

autonomous system c haotic has also b een prop osed recen tly [32�35]. Here, the

main to ol to use is time-dela y feedbac k p erturbation on a system parameter or

as an exogenous input [33].

These c haoti�cation tec hniques can b e applied to TS fuzzy systems, where

the so-called parallel distributed comp ensation (PDC) tec hnique is emplo y ed to

determine the structure of a fuzzy con troller [38�43].

It is remark ed that mo deling of c haotic systems based on Mamdani mo dels

discussed ab o v e pro vides a means to generate c haos from Mamdani fuzzy systems

in a linguistic manner.

5 F uzzy Con trol of F uzzy Chaotic Systems

F or man y y ears, the main feature of c haos, i.e., the extreme sensitivit y to initial

conditions, made c haos undesirable, and most exp erimen talists consider suc h

c haracteristics as something to b e strongly a v oided [36, 37]. In addition to this

feature, c haotic systems ha v e t w o other imp ortan t ones. First, there are in�nite

man y unstable p erio dic orbits em b edded in the underlying c haotic attractor,

and second, the dynamics in the c haotic attractor is ergo dic, whic h implies that

during its temp oral ev olution the system ergo dically visits an y small neigh b or-

ho o d of ev ery p oin t in eac h of the unstable p erio dic orbits em b edded within the

c haotic attractor.

Owing to these prop erties, a fuzzy c haotic system, the fuzzy form ulation

of a c haotic system, can b e seen as shado wing some p erio dic b eha vior at a

giv en time, and erratically jumping from one to another p erio dic orbit. Th us,

when a tra jectory approac hes ergo dically a desired p erio dic orbit em b edded in

the c haotic attractor, one can apply small p erturbations to stabilize suc h an

orbit. Therefore, w e can sa y that the extreme sensitivit y of a c haotic system to

c hanges in its initial conditions ma y b e v ery desirable in practical exp erimen tal

situations [37]. It su�ces to note that, due to c haos, using the same c haotic

system one is able to pro duce in�nite man y desired dynamical b eha viors (either

p erio dic or not p erio dic) only with prop erly c hosen tin y p erturbations. This

prop ert y is not shared b y non-c haotic systems, b ecause the p erturbations needed

therein for pro ducing a desired b eha vior m ust, in general, b e of the same order

of magnitude as the unp erturb ed dynamical v ariables.

Generally , c haos con trol approac hes can b e divided in to t w o broad categories:

feedbac k and nonfeedbac k (or sa y , op en-lo op) con trol approac hes. F eedbac k con-

trol metho ds do not c hange the con trolled systems and stabilize unstable p eri-

o dic orbits em b edded in c haotic attractors, while nonfeedbac k con trol metho ds

sligh tly c hange the con trolled system, mainly b y a small tuning of con trol pa-

rameter, c hanging the system b eha vior from c haotic attractor to p erio dic orbit,

whic h is close to the initial attractor.

It is kno wn that the nonfeedbac k approac h is m uc h less �exible, and re-

quires more prior kno wledge of motion. T o apply suc h an approac h, one do es
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not ha v e to follo w the tra jectory . The con trol can b e activ ated at an y time,

and one can switc h from one p erio dic orbit to another without returning in to

the c haotic b eha vior. This approac h can b e v ery useful in mec hanical systems,

where the feedbac k con trol systems are often v ery large (sometimes larger than

the system con trolled). The extremely simple, easily implemen table, lo w-cost,

and reliable nonfeedbac k approac hes are widely applied in man y ph ysical ex-

p erimen ts and industrial pro cesses to da y , particularly for nonlinear dynamical

systems, as a uni�ed feedbac k con trol approac h has not b een fully established

for general nonlinear dynamical systems. Roughly sp eaking, the nonfeedbac k ap-

proac hes include the en trainmen t and migration con trol metho d [44�46], con trol

through external forcing [47, 48], while the feedbac k approac hes include the Ott-

Greb ogi-Y ork e (OGY) metho d, engineering feedbac k con trol metho d, and Pyra-

gas's time-dela y ed feedbac k con trol metho d [49�51]. In addition, c haos con trol

approac hes include con v en tional linear and nonlinear con trol, adaptiv e con trol,

neural net w orks-based con trol, fuzzy con trol, and another v ery imp ortan t topic,

sync hronization of c haos.

6 F uzzy-Chaos-based Applications: An Example

Com bination of fuzzy logic and c haos theory ma y pro vide a new means in en-

gineering practice. An example is a fuzzy-mo del-based c haotic cryptosystem in-

tro duced in [7, 52�54].

Cryptograph y concerns the w a ys in whic h comm unications and data can b e

enco ded to prev en t disclosure of their con ten ts through ea v esdropping or mes-

sage in terception, using co des, ciphers, or other metho ds, so that only certain

p eople can see the real messages. So far, v arieties of cryptographic metho ds

ha v e b een prop osed to secure In ternet comm unication. F or instance, the Data

Encryption Standard (DES) is adopted as a U.S. F ederal Information Pro cessing

Standard for encrypting unclassi�ed information. Others include IDEA (In ter-

national Data Encryption Algorithm), and RSA (dev elop ed b y Riv est, Shamir

and A dleman). These encryption algorithms are based on n um b er theory . Ho w-

ev er, none of them is absolutely secure. Therefore, some emerging theories, suc h

as c haos theory , are alw a ys desirable to b e adopted to strengthen existing cryp-

tograph y . The reason of applying c haos theory in cryptograph y lies in its in-

trinsic essen tial prop erties, suc h as sensitivit y to initial conditions (or con trol

parameters) and ergo dicit y , whic h meet Shannon's requiremen ts of confusion

and di�usion for cryptograph y . In addition, c haotic signals are t ypically broad-

band, noise-lik e, and di�cult to predict. Therefore, they can b e used in v arious

con text for masking information-b earing w a v eforms. They can also b e used as

mo dulating w a v eforms in spread-sp ectrum systems. The idea of c haotic masking

is to directly add the message in a noise-lik e c haotic signal at the end of the

transmitter, while c haotic mo dulation is b y injecting the message in to a c haotic

system as a spread-sp ectrum transmission. Later, at the receiv er, a coheren t

detector with some signal pro cessing is emplo y ed to reco v er the message. But

the signal masking or parameter mo dulation approac h to c haotic comm unication
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only pro vides a lo w er lev el of securit y as stated in [55]. Using basic cryptosystem

theory , a fuzzy-mo del-based c haotic cryptosystem has b een prop osed to pro vide

a metho dology with a higher lev el of securit y . There, Luré t yp e discrete-time

c haotic systems are �rst exactly represen ted b y TS fuzzy mo dels. Then, a sup er-

increasing sequence is generated b y using a c haotic signal, whic h can �exibly b e

used as an output of the TS fuzzy c haotic driv e system, or an y state in whic h the

sync hronization error approac hes zero. In terms of a cryptosystem, the plain text

(message) is encrypted using the sup erincreasing sequence at the driv e system

side, whic h results in the ciphertext. The ciphertext ma y b e added to the output

or state of the driv e system using the metho dologies prop osed in [7, 52]. F urther,

this the ciphertext em b edding scalar signal is sen t to the resp onse system end.

F ollo wing the design of a resp onse system, the c haotic sync hronization b et w een a

driv e and a resp onse system is ac hiev ed b y solving LMIs. By the sync hronization,

one can regenerate the same sup erincreasing sequence and reco v er the cipher-

text at the resp onse system end. Finally , using the regenerated sup erincreasing

sequence, the ciphertext is decrypted in to the plain text. The blo c k diagram of

the whole cryptosystem is sho wn in Fig. 3.

Fig. 3. Blo c k diagram of c haotic encryption metho dology

7 Conclusions

This pap er has review ed the curren t studies on the in teractions b et w een fuzzy

logic and c haos theory , from the follo wing asp ects: fuzzy mo deling of c haotic

systems using T ak agi-Sugeno mo dels, linguistic descriptions of c haotic systems,

fuzzy con trol of c haos, complex fuzzy systems, and a com bination of fuzzy con-

trol tec hnology and c haos theory for v arious engineering practices. What needs

to emphasize is that in spite of the e�orts on exploring the in teractions b et w een

fuzzy logic and c haos theory , it is still far a w a y from fully understanding their

m utual relationships. Although this pap er ma y not giv e insigh t in to their rela-

tions or ma y raise more questions than it can pro vide answ ers, w e hop e that it

nev ertheless con tains seeds for future bro oming researc h.
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