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t. We study two implementations of the Conjugate Gradientmethod for solving large sparse linear systems of equations on a heteroge-neous 
omputing grid, using GridSolve as grid middleware. We 
onsiderthe standard CG algorithm of Hestenes and Stiefel, and as an alterna-tive the Chronopoulos/Gear variant, a formulation that is potentiallybetter suited for grid 
omputing sin
e it requires only one syn
hronisa-tion point per iteration, instead of two for standard CG. The 
omputa-tional work is divided into tasks whi
h are dynami
ally distributed overthe available resour
es using a resour
e�aware data partitioning strategy.We present numeri
al experiments that show lower 
omputing times andbetter speed�up for the Chronopoulos/Gear variant. We also identifybottlene
ks and suggest improvements to GridSolve.1 Introdu
tionThe solution of sparse linear systems is the 
omputational bottlene
k for manylarge s
ale numeri
al simulations. In order to solve these systems, whi
h may
onsist of millions of equations, the 
ombined 
omputing power of many pro
es-sors is needed. Dedi
ated parallel hardware, however, is expensive.A natural idea to provide 
heap parallel 
omputing power is to use the avail-able non�dedi
ated hardware, and thus to make better use of the existing re-sour
es. This idea has given rise to the 
on
epts of grid 
omputing and of 
om-putational grids, see for example [1℄. In grid 
omputing a pool of 
omputationaltasks is dynami
ally distributed over a 
omputational grid, whi
h 
an be a lo
al
luster of 
omputers, but it 
an also be a group of 
omputers at geographi-
ally di�erent lo
ations that are 
onne
ted via the Internet. This approa
h hasproven to be su

essful for embarrassingly parallel appli
ations where the tasksdo not require interpro
essor 
ommuni
ation, as exempli�ed by the well�knownSETI�home proje
t [2℄.For the numeri
al solution of linear systems of equations, however, inter�task
ommuni
ation is unavoidable. For this appli
ation, developing e�
ient parallelnumeri
al algorithms for dedi
ated homogeneous systems is a di�
ult problem,but be
omes even more 
hallenging when applied to heterogeneous systems. In527
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ular, the heterogeneity of the 
omputational nodes and the variability innetwork performan
e o�er new algorithmi
 problems.In this paper we study di�erent implementations of the Conjugate Gradient(CG) method [3℄ on a 
omputational grid. We use the GridSolve library [4℄ asgrid middleware. Load balan
ing is a
hieved using a simple resour
e�aware datapartitioning strategy. The number of syn
hronisation points in the CG algorithmwhi
h is in its standard implementation equal to two, 
an be redu
ed to one byusing the implementation that has been proposed by Chronopoulos/Gear [5℄. Ournumeri
al experiments show that by minimising the number of syn
hronisationpoints and by 
areful load balan
ing a signi�
ant speed�up 
an also be a
hievedfor the solution of systems of equations, despite the fa
t that for this appli
ationthe tasks are tightly 
oupled.The remainder of the paper is organised as follows. In the next se
tion we de-s
ribe in detail our ar
hite
ture�aware Conjugate Gradient algorithm and relatedissues, whi
h in
ludes a des
ription of GridSolve, data management strategies,and spe
i�
 implementation details. Se
tion 3 
ontains some experimental re-sults and in Se
t. 4 we give 
on
luding remarks and some suggestions for futurework.2 Heterogeneous sparse linear solvers in GridSolve2.1 MotivationThis work is part of a larger proje
t where we want to apply the ImmersedBoundary Method [6℄ to simulate general �uid�stru
ture intera
tion problemsusing grid 
omputers. Examples of said problems are the swimming of �sh orthe air�ow around wind turbine rotor blades. These simulations involve numeri-
ally solving the governing �uid equations on a stru
tured grid, where the mostexpensive part usually 
onsists of solving a large sparse linear system Ax = b atea
h time step. Su
h a system typi
ally emerges from a �nite di�eren
e dis
reti-sation of the Poisson equation with varying 
oe�
ients and Neumann boundary
onditions,
{
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(1)Here, p and ρ represent the pressure and density respe
tively. For the purposeof this paper we 
on�ne ourselves to a two�dimensional square domain where

p is zero on the boundary. Nevertheless, this problem still retains mu
h of the
hara
teristi
s of the original problem. The equation is dis
retised on a k×k gridusing se
ond order �nite di�eren
es, resulting in the dis
rete Poisson equation,
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ographi
 ordering of the unknowns we 
an set
xi+jk := pij , for 0 ≤ i, j < k, (3)with n = k2 as the length of x. The right�hand side ve
tor b is de�ned similarly.Note that we only number the internal points. The 
oe�
ient matrix A 
an bewritten as
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k matri
es Q are R are de�ned by
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0 otherwise , for 0 ≤ j < k − 1. (6)Summarizing, we need to solve the sparse linear system
Ax = b, (7)where A is an n×n blo
k tridiagonal symmetri
 positive de�nite sparse matrix.The reason that we 
hose to solve this system using a pre
onditioned ConjugateGradient method is threefold: (1) the CG method is simple to implement, (2) itis the obvious 
hoi
e for this system, and (3) it is relatively straightforward toparallelize.2.2 Brief overview of GridSolveGridSolve (GS) is a distributed programming system whi
h uses a 
lient�servermodel for solving 
omplex problems remotely on global networks [4, 7℄. It is aninstantiation of the GridRPC model, an emerging standard for a Remote Pro
e-dure Call (RPC) me
hanism on Grid 
omputers [8℄. The GridRPC Appli
ationProgramming Interfa
e (API) is de�ned within the Global Grid Forum [9℄. Otherproje
ts that use the GridRPC API are DIET [10℄, NetSolve [11℄, Ninf�G [12℄,and OmniRPC [13℄.



530 Tijmen Collignon et al.Software environments su
h as GridSolve are often 
alled Network EnabledServers (NES). These systems typi
ally 
onsist of six 
omponents: 
lients, agents,servers, databases, monitors, and s
hedulers. We will elaborate on the spe
i�
details of these 
omponents in the 
ontext of the 
urrent version (0.16.0) ofGS (see Fig. 1). The GS servers (
omponent 3) are software 
omponents thatare started on ea
h 
omputational node whi
h may 
onsist of a single CPU or a
luster. The server monitors the workload of the node and keeps an updated listof the servi
es (or tasks) that are installed on the server. For example, a task
an be a single dgemm or a parallel MPI job. Servi
es 
an be added or modi�edwithout restarting the server.A single GridSolve agent (
omponent 2) a
tively monitors the server proper-ties su
h as CPU speed, memory size, 
omputational servi
es, and availability.These properties are stored in a database on the agent node and are periodi-
ally updated. When a GridSolve 
lient program (
omponent 1) written in eitherC, Fortran, or Matlab uses the GridRPC API to initiate a GS 
all to a remoteproblem, the GS middleware �rst 
onta
ts the agent. Based on the problem 
om-plexity, size of the input parameters, and the available 
omputational resour
es,the agent then returns a list of servers sorted by minimum 
ompletion time. The
lient resorts the list after performing a qui
k network performan
e test. Inputparameters are sent to the �rst server on the list and the task, whi
h 
an beeither blo
king or non�blo
king, is exe
uted on the server. The result (if any) isthen sent ba
k to the 
lient. If a task should fail it is transparently resubmittedto the next server on the list.To determine the 
ompletion time of a parti
ular task on server s, the total�op 
ount of the problem is divided by the e�e
tive speed of the server. Thelatter is 
al
ulated using
s�ops × sn
pu
sworkload

100 + 1.0
, (8)where s�ops is the speed of server s in �ops determined by multipli
ation oftwo dense matri
es of �xed size, sn
pu is the number of CPUs in the node, and

sworkload ∈ [0, 100] denotes the periodi
ally updated workload.The main advantages of GridSolve are that it is easy to use, install, andmaintain. It allows for easy a

ess to advan
ed remote 
omputational resour
es.Furthermore, fault toleran
e is supported through a simple but e�e
tive me
ha-nism. Nevertheless, the 
urrent implementation has several obvious limitations.For example, the remote servers 
annot 
ommuni
ate dire
tly, whi
h imposes asevere 
onstraint on the type of appli
ations that 
an be e�
iently solved us-ing the 
urrent implementation of GridSolve. It is therefore naturally suited for
oarse�grained appli
ations su
h as parametri
 studies and `embarrassingly par-allel' problems. In 
ontrast, traditional parallel iterative solvers are inherently�ne�grained and mu
h resear
h needs to be done before iterative solvers 
an bee�
iently applied in Grid 
omputing.
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Fig. 1. S
hemati
 overview of GridSolve. The dashed line symbolizes distan
e between
lient and servers.2.3 Data managementIn the 
urrent GridSolve model, separate tasks 
ommuni
ate data through the
lient, resulting in bridge 
ommuni
ation. As a result, input and output dataasso
iated with a task is 
ontinuously being sent ba
k and forth between the
lient and the server using a possible slow network 
onne
tion. Also, any datathat is read or generated lo
ally during the exe
ution of a task is lost after it�nishes. Several strategies su
h as data persisten
e and data redistribution havebeen proposed to ta
kle these de�
ien
ies for di�erent implementations of theGridRPC API [14�18℄.In GridSolve there is a partial solution to the �rst problem 
alled the Dis-tributed Storage Infrastru
ture (DSI). At the Logisti
al Computing and Inter-networking (LoCI) Laboratory of the University of Tennessee the IBP (InternetBa
kplane Proto
ol) middleware has been developed based on this approa
h [19℄.To avoid multiple transmissions of the same data between the 
lient and the
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lient 
an upload data to an IBP data depot whi
h is in 
lose prox-imity to the 
omputational servers. Subsequently a data handle is sent to theserver and the task 
an fet
h and update the data on the IBP depot (see 
om-ponent (4) in Fig. 1). Using the DSI 
an be 
onsidered as programming for ashared memory model.An approa
h similar to [15℄ in whi
h the RPC model of NetSolve is extendedto in
lude 
ommuni
ation between remote servers is 
urrently being developedfor GridSolve [20℄. In the future we hope to use this extension and apply it toour problem.2.4 Resour
e�aware load balan
ingAlgorithm 1 Resour
e�aware Pre
onditioned Conjugate Gradient Algorithm;
p servers1: Agent partitions work based on available 
omputational resour
es.2: Client sets initial values and uploads initial ve
tors su
h as b to the IBP data depot;Set k = 0.3: while CG not 
onverged and k < kmax do4: Client assigns CG tasks to p servers and waits until tasks have 
ompleted.5: Client repartitions work if signi�
ant 
hange in workload and/or 
omputationalresour
es has o

urred.6: Set k = k + 17: end while8: Client reads �nal answer from IBP depot.We are interested in solving large sparse linear systems Ax = b using Grid-Solve with ar
hite
ture�aware dynami
 load balan
ing. For this purpose it isinsu�
ient to let the agent return a sorted list based on problem 
omplexityand available resour
es, as is normally being done in GridSolve. Instead, weneed to use a slightly di�erent approa
h. Suppose that the 
lient wishes to use pservers to solve a linear system. The s
heduler in the GridSolve agent has beenenhan
ed so that it 
reates a simple (non�homogeneous) partitioning of the
omputational work over p servers using information about 
urrently availableresour
es. It then returns the partitioning and a list of said servers to the 
lient,after whi
h the 
lient initiates a series of non�blo
king 
alls expli
itly spe
ifyingthe size and lo
ation of ea
h task. Thus we ensure that the 
omputational taskis being performed on the intended server, in a

ordan
e with our partitioning.Unfortunately the fault�toleran
e me
hanism within the original GridSolve isnow being 
ir
umvented, be
ause the tasks 
annot be resubmitted to anotherserver should a task fail.Algorithm 1 shows the general resour
e�aware CG algorithm. Note that thetasks use DSI �le handles to manipulate the ve
tors on the IBP depot. Thespe
i�
 stru
ture of the CG tasks will be dis
ussed in the next se
tion. After
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h timestep of the iteration the 
lient may de
ide to repartition the work andassign the work to di�erent 
omputational servers in the network a

ordingly.2.5 Partitioning algorithm and CG s
hemes

Fig. 2. Heterogeneous blo
k�row partitioning [2, 3, 1, 2] for p = 4 and k = 8.As was shown earlier, the matrix A originating from our dis
retisation of thesystem (1) is a blo
k tridiagonal matrix. Sin
e ea
h blo
k�row roughly 
ontainsthe same number of non�zeros, we 
hose a simple non�homogeneous blo
k�rowpartitioning. An example of su
h a partitioning is illustrated in Fig.2 for p = 4and k = 8. The input and output ve
tors are distributed in the same manner.More spe
i�
ally, the e�e
tive speed of p servers is 
al
ulated using (8), togetherwith the total �op 
ount of a single CG iteration step. The size of ea
h task isthen determined a

ordingly.The standard Conjugate Gradient method was implemented �rst and isshown in Algorithm 2. Ja
obi pre
onditioning is used and there are two nat-ural syn
hronisation barriers, namely the two inner produ
ts for 
omputing αand ρ. When implementing this s
heme in GridSolve, an extra syn
hronisationpoint is introdu
ed due to te
hni
al implementation details. By simply rearrang-ing 
ertain terms this 
an be avoided.
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obi pre
onditioning; Task i with three sub-tasks.Require: File handles to ve
tors x, r, z, p,q on IBP data depot and parameter k.Ensure: K := diag(A)1: // Ea
h server i does the following.2: Read r
i3: Solve z
i from Kz

i = r
i4: Compute ρi = (ri, zi)5: Update z

i6: �SYNCHRONIZE� (Client sums ρi)7: Read z
i and p

i8: if k = 1 then9: Set p
i = z

i10: else11: Set βi = ρ/ρold12: Set p
i = z

i + βi
p

i13: end if14: Compute q
i = Ap

i15: Compute αi = ρ/(pi,qi)16: Update p
i and q

i17: �SYNCHRONIZE� (Client sums αi)18: Read x
i, ri,pi, and q

i19: Set x
i = x

i + αp
i20: Set r

i = r
i
− αq

i21: Update x
i and r

i22: Che
k 
onvergen
e; 
ontinue if ne
essary23: Clients sets ρold = ρTo in
rease the granularity we have also implemented the Chronopoulos/Gearvariant of CG [5, 21℄, whi
h has a single syn
hronisation point, see Algorithm 3.Furthermore, this s
heme introdu
es an additional 2n �ops in ea
h iterationstep 
ompared to the original s
heme. Note that we employ matrix�free storage;ea
h matrix element is re
omputed when it is needed. Generating the matrixresulting from dis
retising the Poisson equation with varying di�usivity requiresa signi�
ant amount of 
omputation, in
reasing the granularity even further.2.6 Implementation detailsIn this se
tion we will dis
uss some spe
i�
 issues 
on
erning the various imple-mentations. In the normal operation of GridSolve in 
ombination with DSI, ifan input parameter of a task is a DSI �le handle, the middleware automati
allyretrieves the relevant data from the IBP depot before the task is started on theserver. For our purposes a task needs full 
ontrol over a DSI �le, so instead wepass the DSI �le handle expli
itly.Also, in the 
urrent implementation of IBP, reading and writing from and tothe IBP depot are blo
king operations [22℄. Although read operations by di�er-
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obi pre
onditioning; Chronopoulos/Gearvariant; Task i.Require: Handles to x, r,w,p, q, and s on IBP data depot and parameters α and β.Ensure: K := diag(A) and initial values: Solve w from Kw = r; s := Av; ρ :=
(r,w); µ := (s,w); α := ρ/µ.1: // Ea
h server i performs the following2: Read x

i and p
i.3: Depending on bandwidth of matrix read appropriate portions of ve
tors q, r, w,and s.4: Set p

i = w
i + βp

i5: Set q
i = s

i + βq
i6: Set x

i = x
i + αp

i7: Set r
i = r

i
− αq

i8: Che
k 
onvergen
e; 
ontinue if ne
essary9: Solve w
i from Kw

i = r
i10: Compute s

i = Aw
i11: Compute ρi = (ri,wi)12: Compute µi = (si,wi)13: Update x

i, ri, wi,pi,qi, and s
i on the depot14: Return ρi and µi to 
lient15: �SYNCHRONIZE�16: Client sums ρi and µi for all i17: Client sets β = ρ/ρold18: Client 
omputes α = ρ/(µ − ρβ/α)19: Client sets ρold = ρent tasks 
an be performed on the same DSI �le 
on
urrently, write operations
annot, even when the write regions do not overlap. In the Chronopoulos/Gears
heme a task has to perform six write operations sequentially. Hen
e if a singleDSI �le is used to store data, large 
ommuni
ation imbalan
e may o

ur in this
ase. We hope to over
ome this imbalan
e by using separate DSI �les for ea
hve
tor and letting ea
h task update the ve
tors in a random order. By usingthe DSI fun
tionality, it is also theoreti
ally possible to interrupt the CG itera-tion pro
ess and restart at a later date, using possibly di�erent 
omputationalresour
es.At the end of ea
h iteration step of the Chronopoulos/Gear variant, it mayhappen that DSI data is inadvertently overwritten. Spe
i�
ally, we 
annot guar-antee that every task has �nished reading the data from the previous iterationbefore other tasks have updated the new data. We therefore use two di�erentDSI �les representing the previous and 
urrent data and let the 
lient swap the
orresponding �le handles at the end of ea
h iteration step.Furthermore, ea
h server node in our experimental setup has ATLAS [23℄ asa BLAS implementation whi
h is used for the various daxpy and inner prod-u
t operations. Ea
h task re
omputes its portion of the sparse matrix A everytimestep and stores it using 
ompressed row storage (CRS) format.
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tion of 
onvergen
e is an important issue in iterative methods,this is 
urrently not implemented.3 ExperimentsIn the previous se
tions we dis
ussed several implementations and various sug-gestions for in
reasing the granularity. In this se
tion we will perform severalexperiments and investigate the e�e
t of these suggestions on the performan
e.Our testbed is a lo
al network of 
omputers, whi
h is a multi�user system
onsisting of di�erent pro
essors with dynami
 workloads. The servers in thenetwork are ten single 
ore (AMD Athlon 64 Pro
essor 3700 at 2.4GHz) andtwo dual 
ore CPU nodes (Intel Core 2 CPU 6700 at 2.66GHz) with 3 GBand 8 GB of memory respe
tively and running Linux 2.6.18. In order to perform
ontrolled and repeatable experiments we de
ided on using idle pro
essors and asa result the partitioning is �xed and homogeneous throughout the experiments.We measure the wall 
lo
k times of �ve CG steps for di�erent values of n.In the ideal 
ase the IBP depot would be lo
ated on a dedi
ated node 
on-ne
ted through a high�speed network to the 
omputational nodes. Unfortunatelysu
h a resour
e was not available at the time of testing, and therefore we optedto start the depot on one of the dual 
ore nodes. As a result we expe
t a huge
ommuni
ation overhead. The 
lient and the agent are both running on a single
ore node while the servers are started on the remaining nodes. In a typi
al Gridenvironment the 
lient program would be lo
ated on the user's desktop ma
hine.We di�erentiate between four implementations:(a) Standard CG without varying di�usivity using a single DSI �le;(b) Chronopoulos/Gear s
heme without varying di�usivity using a single DSI�le;(
) Chronopoulos/Gear CG with varying di�usivity using a single DSI �le; and(d) Chronopoulos/Gear CG with varying di�usivity using separate DSI �leswhi
h are updated in a random order.Figure 3(a) shows the total wall 
lo
k time of the �rst implementation for dif-ferent values of n using up to seven servers. It also demonstrates that 
ommuni-
ation overhead is parti
ularly an issue for small n, whi
h is hardly surprising.In this 
ase using more servers does not result in improved exe
ution times, andeven results in larger wall 
lo
k times due to 
ommuni
ation overhead. For large
n this implementation performs slightly better. The other implementations givesimilar results for small n and we will therefore 
on
entrate on results for largesystems.In Fig. 3(b) results are given of the four di�erent implementations for n =
4 · 106. Here we 
learly see the de
rease in exe
ution times when using theChronopoulos/Gear variant for a large number of servers. It is interesting tonote that with implementation (b) and using three to four servers we observe alarge drop in exe
ution time. We do not have an explanation for this behaviour.
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omputation,we do not observe any signi�
ant improvements.Although we observed that using separate DSI �les for the ve
tors only im-proved the overall running time of the Chronopoulos/Gear s
heme when usinga small number of servers, we noted that in this 
ase the tasks �nish at roughlythe same time, in 
ontrast to the 
ase of using a single DSI �le. This is illus-trated in Fig. 4 where the wall 
lo
k times of the separate tasks are shown after�ve CG steps of Chronopoulos/Gear, broken down in both 
omputation and
ommuni
ation. Note that Fig. 4(b) shows that by using separate DSI �les the
ommuni
ation be
omes more balan
ed, whi
h is an en
ouraging result. Whenusing a single DSI �le, Fig. 4(a) reveals in
reasing wall 
lo
k times for ea
h sub-sequent task, whi
h 
an be explained as follows. Although the 
lient initiates asequen
e of non�blo
king 
alls, at the end of the �rst task the updates to theDSI �le appears to blo
k subsequent updates by other tasks. These �gures also
learly reveal the amount of 
ommuni
ation overhead.
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(b) n = 4 · 106, all four implementa-tions.Fig. 3. Wall 
lo
k times of CG implementations in GridSolve.4 Con
luding remarks and future workIn this work we have des
ribed a 
ase study where we have experimented withsolving large sparse systems in parallel on Grid 
omputers using a spe
i�
 Gridmiddleware and an ar
hite
ture�aware load balan
ing algorithm. A sparse iter-ative solver was implemented in GridSolve, whi
h is mature grid middleware fora

essing remote 
omputational resour
es. Several suggestions for improving thegranularity were given and implemented.Our 
ontribution is threefold. We have used a grid middleware to solve sparselinear systems with CG in a distributed manner. Using the middleware we have
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(b) Multiple DSI �les.Fig. 4. Breakdown of wall 
lo
k time of tasks in 
ommuni
ation (bottom part) and
omputation.also implemented a simple but e�e
tive ar
hite
ture�aware partitioning algo-rithm to divide the 
omputational work. And �nally, we have in
reased thegranularity by using a 
ustom version of CG that has a single syn
hronisationpoint.Clearly our method is only suitable for solving very large systems. Further-more, it is naturally suited for linear systems with spe
i�
 
lasses of 
oe�
ientmatri
es, su
h as Poisson and Toeplitz matri
es. This allows us to use matrix�free storage. Although we did not have a dedi
ated DSI depot at our disposalthe results are promising and we expe
t that using su
h a dedi
ated resour
ewill greatly improve the s
alability of our approa
h.There are many possible improvements and we will give some suggestions forfuture work. The 
urrent implementation of GridSolve for
es us to use bridge
ommuni
ation. SmartGridSolve is an extension of GridSolve whi
h is 
urrentlybeing developed. It will perform similarly to SmartNetSolve [15℄, allowing for
ommuni
ation between the 
omputational servers as well as data persisten
e.By 
ombining this with sophisti
ated (possibly weighted) hypergraph partition-ing te
hniques su
h as used in Mondriaan [24℄ we hope to greatly improve ourload balan
ing algorithm.To further in
rease the granularity of the 
omputations, we plan to use moresophisti
ated pre
onditioning te
hniques, su
h as blo
k ILU and de�ation.Another possible improvement is in
orporating network 
apabilities into thepartitioning algorithm.5 A
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