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Abstract. The analysis and modification of numerical programs in theed of
generating and optimizing adjoint code automatically pia ranges among the
technically and theoretically most challenging sourc@gfarmation problems
known today. A complete compiler for the target languaget(gn in our case)
is needed to cover the technical side. This amounts to a matieally motivated
semantic transformation of the source code that involvesetersal of the flow
of data through the program. Both the arithmetic compleaitgl the memory
requirement can be substantial for large-scale numeiiicailations. Finding the
optimal data-flow reversal schedule turns out to be an NPpteteaproblem. The
same complexity result applies to other domain-specifippele optimizations.
In this paper we present a first research prototype of the Na@Wortran com-
piler with the ability to generate adjoint code automaticélloreover, we discuss
an approach to generating second-order adjoint code faniewton-type algo-
rithms for unconstrained nonlinear optimization. While fbcus of this paper is
mostly on the compiler issues some information on the magiieal background
will be found helpful for motivational purposes.

1 Motivation

Suppose that we are interested in the gradient of a givemaroirhplementation of a
multivariate scalar functiop = f(x), f : IR™ — IR, with respect to the elements of its
input vectorx. Classical numerical differentiation by finite differenceagients com-
putes approximations to the gradient entries by perturtiiegcorresponding elements
in x. There are two major problems with this approach.

1. In infinite precision arithmetic we would make the peratibn parameteh as
small as necessary in order to get the desired accuracy afpihy@ximation. Un-
fortunately, floating-point arithmetic is everything buafinite in precision making
the right choice ofh a matter of trial and error. Moreover, in most cases we do
not even know what to aim for when trying out different valwésh. It may be
dangerous to trust the derivatives obtained by finite déffiee approximation.

2. Unidirectional (forward or backward) finite differenaesjuiren + 1 function eval-
uations. Even for a very simple nonlinear computation sielfi a= [, «; the
runtime can amount to several hours fop 10”.
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Fig. 1. Runtime (in sec.) of Truncated Newton algorithm for uncoaised minimization of the
Elastic Plastic Torsion problem. Derivatives are provitgdautomatic differentiation (AD) or
approximated by finite differences (FD). Compilation tirsegegligible.

Second-order accuracy can be obtained by centered finferatites. The computa-
tional cost though is twice that of the unidirectional apqrioes.

A semantic source transformation technique known as autoulifferentiation [7]
can be used to transform numerical codes into tangentrlarehadjoint codes. Adjoint
codes compute the gradient with machine accuracy and at putational cost exceed-
ing that of the original function by merely a constant fackacurate second derivatives
can be computed by tangent-linear versions of adjoint codes

In this paper we present a research prototype of the NAGWantesh compiler that
can generate adjoint code automatically by modifying thgioal program at the level
of the compiler’s intermediate representation. The beoétiis approach in the con-
text of numerical algorithms is illustrated in Figure 1 wheve compare the runtimes
(vertical axis in seconds) of a Truncated Newton algoritbmuhconstrained minimiza-
tion of the Elastic Plastic Torsion problem from the Minpaekt problem collection [2]
based on the finite difference (FD) and automatic diffeeditth (AD) approaches for
increasing problem sizes (horizontal axis). In FD mode both the gradients and the
Hessian vector products are approximated by finite diffegequotients. An adjoint
code for the efficient evaluation of accurate gradient imfation is generated by the
compiler automatically in AD mode. The Hessian vector paidare evaluated by a
tangent-linear version of the adjoint code obtained by ajseroverloading with au-
tomatic type changes performed by the compiler. Obviodslite differences do not
scale well. Fom = 300 the optimization took approximately 6 minutes on a state-of
the art high-end PC whereas the compiler-generated dgavatde lead to a runtime
of less than one second. Many more steps had to be performibe laygorithm due to
inaccurate numerical approximations of the gradients hadHessian vector products.
Refer to Section 6 for further numerical results.

2 Numerical Background

In the following we recall briefly the main ideas behind thafdtated Newton algorithm
originally proposed by Dembo and Steihaug [5].
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Suppose that some smooth functipfas a vectox of inputs and a scalar output
y, and that we want to find the value xffor whichy = f(x) is a minimum.

Probably the most famous way of doing this is Newton's metfgog., [9]), which
consists of evaluating the gradient= f’ and Hessialll = g’ = f” of f ata trial point
x and solving the linear equatiodsd = —g for d. Provided that lots of assumptions
are satisfied, this gives the value @fwhich minimizes the quadratic approximation
q(d) = f(x) +g-d+ idHd to f(x + d), andx + d will be a better approximation
to the optimal value off than was the starting point. This process is then repeated
iteratively.

Newton’s method has two drawbacks: it tends to be distrabiedaddle points
unless we start off close to the minimum, and the labour ofuagng the complete
Hessian and then solving a huge system of equations at eeeayion is so immense
as to be impractical ik has a very large number of dimensions.

At the other extreme, a simple approach which is guaranteeditk eventually is to
follow the gradient (like walking downhill) by settindito be some multiple of g. This
method, which is calledteepest descemtonverges terribly slowly in practice, because
the gradient (and hence the correct direction in which t&khwethanges continuously as
we go along. Really we should adjust the downhill direciibe= —g by a multiple of
—Hd = Hg to allow for the change in gradient caused by the curvaturgeasove
along, and then by a multiple df?d = — H?g to allow for the effect on the gradient
of the first adjustment, and so on.

Truncated Newton (TN) is a way of iteratively approximatthg solution to New-
ton’s equationHd = —g for a givenouter step, by a seried; of inner steps. These
inner steps exactly minimizg(d;) in the search space spanned by

{g.Hg,H’g,....H 'g}.

The inner iterations are stopped when the approximatido the Newton step islose
enough As normal, a line search alordjis then performed before the next outer step
in order to ensure global convergence.

The TN approach has several advantages over the full Newétihad. First, it can
avoid saddlepoints by detecting directions of negativeratuire (search directions in
which f is concave instead of convex). Second, it does not requéduth Hessian,
but only directional Hessians (vectors of the foffip), which can be efficiently and
accurately calculated by the second-order adjoint codesduced in Section 3.3, even
for very large dimensions of. Thirdly, TN can automatically exploit symmetries in the
function f: the number of inner iterations required in theory for examvergence is
not the number of dimensions &f but the number of distinct eigenvaluesiéf which
is often much smaller.

The reason for this is that, ¥, A2 . .. \; are the distinct eigenvalues, theH —
MI)(H — XoI)...(H — \.I) = 0, soH*g is already a linear combination of lower
powers.

Even where the number of distinct eigenvaluediofs large, approximate equali-
ties between them often lead in a smaller number of inneatitars to a good enough
approximate Newton solution.

It turns out that an effective way to construct the TN seqeesicinner approxi-
mationsd; is via a series of two-dimensional searches;oAt the i —th stage the two
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search directions (starting frody) in which ¢ is minimized are the previous direction
of movemend; — d;_;, which we can think of as a momentum term, and the direction
opposite to the updated gradignt= g+ Hd,; atd;, which is the steepest descent direc-
tion for ¢ (not f) at the current poind;. (Indeed one way to think of the TN algorithm
is as the Conjugate Gradient algorithm applied,tmstead off.) The TN algorithm
starts with a one-dimensional search in the steepest dedicection—g. Initialize i to
Zero.

do=0; go=g; Ao=0; po=—8go
Now for eachi form Hp; and stop ifp; Hp; < ep?

6= B
p:Hp;
dit1 =di + Gipi
gi+1 =8+ BiHp;
A1 = A, + (2p;Hp; /2
stop ifg?, ; /g3 < min(g3,1.0/:?)

Qi1 = gi2+1/gi2; Pi+1 = ®i+1Pi — &i+1
Increment.

The coefficientsy;, 3; are chosen so thaf;,; is orthogonal to botlg, andp;_;.
This ensures that the search directippgenerated by the TN algorithm are conjugate,
piHp; = 0 fori # j, and that the gradienis; are orthogonalg, - g; = 0 for
i # j. With respect to the partial orthogonal bagis the Hessian is tridiagonal,
sinceg; Hg; = 0fori > j+ 1.

If TN stops becausp; Hp;/p? is close to zero then we takk as the step direction
for the outer iteration. If TN stops becausg p;/p? is significantly negative then we
have found a direction of negative curvature, and take tiseatd directiorp; as the
step direction for the outer iteration.

If TN stops becausg;. 1 is small (Newton itself is only quadratically convergent,
so there is no pointin trying to do better than this) then wavkthatH is positive defi-
nite in the space spanned by e (Any linear combination of thg; can be written as
d = Y, v:p; whence by conjugact Hd = >, v?p; Hp;.) Note thatg? is not guar-
anteed to decrease at each step, althgudbes decrease at each step, by the amount
B7piHpi/2. (This is becausg - p; = —g7, whenceg, - 8;p; = —37piHp;.) Hence
d; is a descent direction, witgy, - d; = —d; Hd;.

Another condition under which it is desirable to stop thesiniterations is whed,;
moves into a region where the quadratic maglbleaks down. One way to detect this
is periodically to compar¢(x) — f(x + d;) with A; and stop if the relative error is
more than a specified proportion. Alternativelix + d;) can be periodically compared
with g; in some norm. This breakdown could be duediogrowing too large (trust
regions are sometimes used in conjunction with TN to morfitis) but it could also be
due to the accumulation of roundoff errors in the valuesgfgip;. The TN algorithm
responds well when provided with accurate second dergstiwhich allow a much
larger number of inner iterations to be taken before thimsddorm of breakdown
occurs.
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3 AD Compiler’s View on Numerical Code

In this section we introduce parse tree manipulation aligors [1] for the compiler-
based generation of tangent-linear, adjoint, and secoder@djoint numerical pro-

grams. We consider (Fortran) implementatiﬂ(sﬁ, y) of multivariate vector functions
!

y = F(x) wherex € IR™,y € IR™. An overset downarrow marks an input. An under-
set downarrow marks an output.

q@&

@ (b)

Fig. 2. From F (a) to I (b) by Parse Tree Manipulation

3.1 Tangent-Linear CodeF

. !
The signature of the tangent-linear COdGFi@lc, x,y) where
!

y=F(x)*xx, x€R", ye R™

F’ = F'(x) denotes thém x n)-matrix of the partial derivatives of all outputs with
respect to all inputs (the Jacobian matrix). The gradiemtrobutput is represented by
the respective row i .

The tangent-linear parse tree manipulation algorithm &sigmments of the form
y = F(x) is illustrated in Figure 2. The right-hand side is lineada®y labeling the
edge(x, F') with the symbolic partial derivativé” = F’(x) of its target with respect
to its source. The tangent-linear assignment overwsiteEhe right-hand side of the
tangent-linear assignment is build top-down for each nodsummation over all in-
coming edges of the products of the respective edge’s laitletine tangent-linear sub-
tree of its source. All leaf nodes are replaced by their rethgetangent-linear symbols,
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that is,x andy. The partial derivatives are functions of the respectiveeé&dgource.
This dependence is also represented in the tangent-liaese free.

Fory = x1 * xo and withF’ = (x4, 21) we simply get the product rule of differen-
tiation as

. T . .
y:F’*(i):xQ*wl—i—ml*xg
2

The recursive nature of the algorithm will become clearéh@context of second-order
adjoints illustrated by the transition from Figure 3 (a) igu¥e 3 (b).

hS
) { \@
@/\K@ { o
(] [y(]g | @/ Gg \g

(@ (b)

Fig. 3. Linearized Parse Tree df (a); Parse Tree of' (b)

3.2 Adjoint Code F

_ !
The signature of the adjoint codeﬁé(:lc, ,y) where

— MI—

x=x+F(x)"*y, x€R" yeR"

The adjoint parse tree manipulation algorithm for assigmsef the formy = F(x)
starts with the linearization of the right-hand side as int®@ 3.1. As an immediate
consequence of the chain rule the adjoint assignment iremresx with the product of
the row vectoly with the local Jacobian matrik’(x). The incrementation is due to the
data-flow reversal that accumulates adjoints of variallasdre read by the original as-
signment. The corresponding instances can potentiallg&e by several assignments.
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Hence, the respective adjoints need to be composed incteltyesut of contributions
from all of those assignments. Moreover, all adjoints neefd initialized properly
(e.g., to zero for local program variables). The algoritisnilustrated in Figure 3 (a).
The adjoint parse tree is linearized in order to derive theoisd-order adjoint code
in the next section. Refer to Section 4.1 for a descriptiothef globalization of the
data-flow reversal.

Fory = x1 xxo we get(Z1,Z2) = (%1, T2) + §* (x2,x1) resulting in the two scalar
assignments

T1 =21 +Y*xT2; To=Tog+Yy*x1 . (1)

3.3 Second-Order Adjoint CodeF

Second-order adjoint code can be generated by buildinggetadinear version of the
Ll d

adjoint code. The signature of the second-order adjoing cimé’(;ic, X, Sf, y,¥) where

X=X+y*F(x)+y*F'(x)xx xc€R", yecR"

Products of the Hessian matiX’ = F”(x) € R"*™ with a vectorx can be computed
by settingx = ¥y = 0 andy = 1 at roughly twice the cost of running the adjoint
code. The benefit for TN is illustrated in Figure 1. Mathemeltdetails are outlined in
Section 2.

In order to generate second-order adjoint code for the gmmagdignmeny = x; *
xo we apply the rules for tangent-linear parse tree constradtiom Section 3.1 to
Equation (1) to obtain

T1 =T+ YxTo+Yxio; To=2To+y*x1+§*d1

Settingz; = 72 = y = 0 andy = 1 we get

(5= () ()= ()

as expected. Figure 3 (b) illustrates the general approach.

4 Implementation

The conceptual insight into derivative code generationegiso far needs to be com-
mented on further in order to understand the work of an AD dtanparious additional
issues arise when implementing the theory.

4.1 Data-Flow Reversal

The easiest way to reverse the flow of control is to enumeibtssignments in the
original program and to push their indexes onto a contraksthuring an appropriately
instrumented program execution (the augmented forwareégwé he original order is
reversed by popping the indexes from the control stack. ©Hewing code listing is

built on the examplg =[], ; from Section 1.
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integer i

call push_c (1)

f=x(1)

do i=2,n
call push_c(2)
call push_d(f); call push_d(i)
f=fxx (i)

end do

do while (.not.empty_c())
int i
call pop_c(i)
if (i==1)

else if (i==2) then
call pop_d(i); call pop_d(f)
b_x(i) = b_x(i) + fxb_f
b_f=x(i)xb_f

end if

end do

Pushes to and pops from the control stack are performed bsuth®utinepush_c
andpop_c. The Boolean functioenpt y_ c tests for emptiness of the control stack.

Instances of program variables may be required in reverder df they occur as
arguments of nonlinear intrinsics or arithmetic operatbi@vever these instances may
be lost during the augmented forward sweep due to overwBigsh instances need to
be made persistent by pushing them onto a data stack bemthesponding mem-
ory gets overwritten. The required values need to be restorier to their use in the
computation of a local partial derivative. For examgles overwritten repeatedly in
line 8. A push of the old instance 6fonto the data stack needs to be inserted in front
of line 8. The matching pop precedes the correspondingridjtatements in the back-
ward sweep. Special care must be taken for address congmsatiorder to reference
the correct adjoint memory. See lines 7 and 17. Various dorspécific static code
analyses and optimizations must be performed to be ablendiééarge-scale numer-
ical simulation programs. They are part of our to do list. Angete description of
the issues arising in adjoint code generation is beyonddbpesof this paper. To our
knowledge there is no single publication that covers itRdifer, for example, to [6] for
further reading.

4.2 AD by Overloading

A very robust and convenient way to implement tangent-fimeae is by overloading
of a programming language’s arithmetic operators andnsittifunctions for a derived
data type that contains in addition to the original functi@tuev a component for the
derivativev. All active program variables (those that potentially caronzero deriva-
tives) need to get their types changed to the new data typs.i§ done automatically
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by the compiler as outlined in Section 5.2. A static data-feavalysis can compute a
conservative estimate for this set [8]. The overhead of duitimnal function call can be

eliminated by the compiler through inlining. Below we shaveerpts from the Fortran

module that we use for propagating directional derivativehe context of second-
order adjoint codes as described in Section 5.1.

module compad_module
implicit none

private
public :: compad_type, tls_type
public :: assignment(=), operatok{

type tls_type
double precision v
double precision :: d
end type tls_type

type compad_type
type(tls_type) val
type(tls_type) drv

end type compad_type

interface assignment (=)
module procedure tls_assign_tls
end interface assignment (=)

interface operatorx)
module procedure tls_times_tls
end interface operator«

contains

elemental subroutine tls_assign_tls(y,Xx)
type(tls_type), intent(out) :: vy
type(tls_type), intent(in) :: X
yYov=x%v ; y%d=x%d

end subroutine tls_assign_tls

elemental function tls_times_tls(x1,x2) result(y)
type(tls_type), intent(in) :: x1,x2
type(tls_type) :: vy
y%v=x1%V«x2%V ; y%d=x1%0k x 2%V + X 2%0k X 1%V

end function tls_times_tls

end module compad_module

Conceptually, adjoint codes can be implemented by oveilgado. However, the
interpretive overhead that results from the mapping of & address space onto a
virtual one may be significant. Moreover, static code optation is even more relevant
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in adjoint codes. Refer to [4] and [12] for further details the use of overloading
techniques in the differentiation-enabled NAGWare Fortampiler.

5 AD Compiler Support

In this section we describe a hybrid approach to secondradjeint code generation
that uses extensive parse tree manipulation techniquedtitian to overloading. Our
focus is on the discussion of the modifications of the compilaternal representation
needed to make the generation of second-order adjoint etigleatitomatic for the set
of test problems currently under consideration. We expatiér work to become nec-
essary to cover the full Fortran standard. However, a lakelsas been made already.

5.1 A Hybrid Approach

We use parse tree manipulation techniques to generate phiatatbde as described
in Section 5.3. Second-order adjoints are computed by aadithg the adjoint code as
outlined in Section 4.2. The use of the second-order adjaide is best illustrated with
an example: Consider the Fortran routine

subroutine F(x,y)

double precision :: x
double precision :: vy
y=sin (x)

end subroutine

The parse tree is manipulated internally to produce adpmde such that adjoints are
associated with original variabléy addressthat is,v (val ) and@ (dr v) are the two
components of a derived typonpad_t ype. Both of them are of typél s_t ype
(with componenty andd of typedoubl e preci si on as shown in Section 4.2).
Thus, directional derivatives of the adjoints (secondeoraljoints) can be computed
by overloading. Conceptually, the following code is getedaautomatically by the
compiler:

subroutine dbF(x,y)
use compad_module
type (compad_type) :: X
type (compad_type) :: y
y%val=sin (x%val)
x%drv=x%drv+cos (x%val}y%drv
end subroutine

The second-order adjoint code is never unparsed. InsteathinedbF is used in a
driver routine (for example, in the context of TN) as illutd below.

program main
use compad_module
external dbF
type (compad_type) x,y
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x%valv=1.; x%val%d=.5
x%drvo%v =0.; x%drv%d=0.; y%drvdov=1.; y%drv%d=0.

© © N o

call dbF(x,y)

10

1 prints, "x= ", x%val; printx, "bx= ", x%drv;
12 printx, "y= ", yaval; printx, "by= ", y%drv
13 end program

Here we simply print the results producing the followingited) output:

1 X= 1.000000 0.5000000
2 bx= 0.540302 -0.4207354
3 y= 0.841470 0.2701511
4

by= 1.000000 0.0000000

The interesting value is that 6f= x%@r v%a (line 2, second value) holding the product
of the second derivative efn(z), that is,— sin(x), with & = 0.5 at pointz = 1. Take
the value ofy = sin(z) (line 3, first value) and divide it by-2 to verify numerical
correctness.

5.2 Support for Overloading

The compiler provides support for overloading by automgfie changes and by im-
porting a module namedonpad_nodul e. As simple as it might sound, chang-
ing the types of all floating-point variables froREAL or DOUBLE PREC!I SI ON to
conpad_t ype while parsing the source code yields a number of technicleriges.

use conpad_nodul e statements must be inserted into all scopes that are to be
differentiated.

Calls to structure constructors of typ®@npad_t ype need to be generated for
right-hand sides of initializations, fdDATA entries, and whenever a named or literal
constant is passed as an actual parameter to a subroutixgieets a dummy param-
eter of typeconpad_t ype.

The types of named floating-point constants is also injtietlanged t@eonpad_t ype.
Derivatives with respect to constants are known to be idalyizero. Hence, their type
should remain unchanged meaning that the changes that Inezdyahappened need to
be reversed. Fortran offers a large variety of syntactioastructs making the develop-
ment of robust parse tree manipulation algorithms a magntieal challenge.

5.3 Support for Parse Tree Manipulation

The adjoint parse tree manipulation algorithm is an extamsf our original approach.
See [10] for details. That used associatiynnamefor augmenting the original mem-
ory space with adjoint variables, that isando were two separate variables of type
doubl e preci si on linked via some naming convention, for exampland_v.

Our new method uses associatiop addressMoreover, the components of the
corresponding derived type can be of derived type themsgthias allowing for over-
loading to be applied to the adjoint code as described above.
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6 Case Study

We consider the application of TN to a Fortran implementatid the well-known
Rosenbrock function

flz1,22) = (1 —21)% + 100(zy — 22)%.

The Hatfield NOC OPTIMA TN algorithm expects the user to pdevthe following
three subroutines:

— CALFUN to compute the function value FF at point X;
— CALGRD to compute the gradient G at point X;
— CALHP to compute the product HP of the Hessian at point X witteetor P.

Both CALGRD and CALHP use the second-order adjoint routinRasenbrock that is
generated automatically by the compiler. All three rougiaee shown in the following
code listing.

SUBROUTINE CALFUN(X,N,FF,...)

DOUBLE PRECISION X(N)

t1 = (1-X(1)); t2 = tlxtl; t3 = X(2)-X(1)*X(1); FF = t2 + 106
t3xt3

RETURN

END

SUBROUTINE CALGRD(X,N,FF,G,...)
use compad_module

external dbRosenbrock
DOUBLE PRECISION X(N) ,G(N)
type (compad_type) ctx(N), ctf

ctx (1)%val%v = X(1); ctx(1)%val%d
(1)%drvo%d = O.

ctx (2)%val%v = X(2); ctx(2)%val¥d = 0.; ctx(2)%drvi%v = 0.;tx
(2)%drvo%d = O.

0.; ctx(1)%drv%ov = 0.; tx

1
o

ctf%ovald%v = 0.; ctf%val%d = 0.; ctf%drvdov = 1.; ctf%drvod
call dbRosenbrock (ctx, ctf)
G(1) = ctx(1)%drvYev; G(2)

RETURN
END

ctx (2)%drv%v

SUBROUTINE CALHP(X,G,N,P,HP,...)
use compad_module

external dbRosenbrock
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DOUBLE PRECISION X(N) ,G(N) ,P(N) ,HP(N)
type (compad_type) ctx(N), ctf

ctx (1)%val%v = X(1); ctx(1)%val®wd = P(1); ctx(1)%drvoov = ©.ctx
(1)%drv%d = O.
ctx (2)%val%v = X(2); ctx(2)%val%d = P(2); ctx(2)%drv¥ev = 0.ctx

(2)%drvoed = 0.
ctf%oval%v = 0.; ctf%val%d = 0.; ctf%drvdov = 1.; ctf%drved = O.
call dbRosenbrock (ctx, ctf)

HP(1) = ctx(1)%drv%d; HP(2) = ctx (2)%drv%d
RETURN
END

The gradient at the current point X (lines 15 and 16) is comgbly setting the adjoint
ctf%drv%v of FF to one (line 18). Its entries are accumulé@tdte adjoint components
of X (line 22).

The product of the Hessian with the vector P at point X is cotmegby initializing
the directional derivatives of X(1) and X(2) to P(1) and R{@spectively (lines 33
and 34). Again, the adjoint of FF needs to be set to one (line 3% entries of the
corresponding directional Hessian occur as the diredtierdavatives of the adjoints of
X (line 39).

The semantic transformation of the original function eaéilbn routine is taken
over entirely by the compiler. Writing corresponding codehand and debugging it
may require substantial manpower for larger problems.

With exact first- and second-order adjoints TN performs 2Jomand 38 minor
iterations. Using finite difference approximations for first and second-derivatives
makes these numbers grow to 1222 and 1975, respectivelystdpping criterion is
satisfied if the Euclidean norm of the gradient is less than®. Starting fromx =
(—1.2,1) both algorithms converge to the correct solutianl).

To investigate the impact on runtime we consider extendeslofes (with variable
n) of the Rosenbrock and Powell functions [11]. For incregsinwe compare the
numbers of minor and major iterations performed by TN base&xact derivatives
(AD) and finite difference approximations (FD). Additiolyalve show the respective
wall clock times in seconds. The Euclidean norm of the gratdie driven down to
10~ with finite difference perturbations a)—8. We can afford an even lower value
of the residual € 10~°) for AD. With AD the minimum is found in all cases. FD fails
occasionally.

6.1 Extended Rosenbrock Function

n [[Minor AD|Minor FD|Major AD|Major FD|Time AD|[Time FD
10| 1498 (1004218 176 | 9825984 0.15 49.88

20| 4791 | 795018 390 |6175438| 0.53 | 383.65
50| 15561 |858844 809 |8474209| 2.08 |4645.32
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With finite differences the TN algorithm terminated due tessimg further decrease in
the function value. The convergence criterion could notdiesfied in this case.

6.2 Extended Powell Function

n |[Minor AD [Minor FD||Major AD|Major FD||Time AD|Time FD
10 102 248445 15 62119 0.01 2.66
20| 109 248464 15 62124 0.01 | 14.89
50 121 248490 16 62131 0.02 | 189.33

The inaccuracy of the finite difference approximation (a&f grojected Hessian in par-
ticular) leads to unwanted search steps taken by the TNidigorConsequently the
algorithm exhibits a poor convergence behavior. Exacwdévies are the remedy. The
ability to compute those automatically makes things higldgvenient.

7 Conclusion and Outlook

Writing a compiler for the automatic generation of robustl afficient adjoint and
second-order adjoint codes is a highly challenging tasksguntial source code anal-
ysis and manipulation is required at the level of the comngilaternal representation.
The availability of such a compiler facilitates a fastems#ion form pure numerical
simulation to derivative-based optimization of nonlinezathematical models. Thus,
the compiler is likely to become a central element in theliorlof every computa-
tional scientist or engineer.

We are in the process of developing a research prototypeedfi&GWare Fortran
compiler that provides the previously mentioned functliies. Our current test set
comprises problems from the Minpack test problem collecéis well as several others.
Feasibility and usefulness of the adjoint compiler apphdees been illustrated with the
help of a Truncated Newton algorithm for unconstrained imear optimization where
gradients and projected Hessians are provided autonigtigethe compiler for a given
implementation of the objective function. The efficientdjemt evaluation via adjoints
combined with the accuracy of the obtained numerical valessited in a speedup of an
order of magnitude when compared with derivatives appratéa by finite differences.
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