
Pro
eedings of the International Multi
onferen
e onComputer S
ien
e and Information Te
hnology pp. 503�515 ISSN 1896-7094
© 2007 PIPSImage re
onstru
tion from in
omplete proje
tiondata by means of iterative algebrai
 algorithmsNadiya Gubareni1 and Mariusz Plesz
zynski2
1 Polite
hnika Cz�sto
howska,ul. D¡browskiego 69, 42-200 Cz�sto
howa, Polandgubareni�zim.p
z.pl,

2 Polite
hnika Sl¡ska,ul. Kaszubska, 23, 44-101 Gliwi
e, Polanddm101live�interia.plAbstra
t. In this paper we 
onsider the problem of image re
onstru
-tion from in
omplete proje
tion data for some parti
ular s
hemes of re-
onstru
tion. We present the numeri
al re
onstru
tion algorithms forimage re
onstru
tion of high 
ontrast obje
ts from in
omplete data. Nu-meri
al simulation results for a number of modeling obje
ts with hight
ontrast are presented and dis
ussed.1 Introdu
tionIn the re
ent years te
hnique of 
omputerized tomography found a wide appli-
ation not only in medi
ine but also for solving many te
hni
al problems. Inall these appli
ations we deal with inverse problems whi
h are those of imagere
onstru
tion from proje
tions. In spite of the wide di�erent physi
al methodsto 
olle
t proje
tion data there is a 
ommon mathemati
al nature of re
onstru
-tion problems: there is an unknown distribution of some physi
al parameter. A�nite number of line integrals of this parameter 
an be estimated from physi
almeasurements, and an estimate of the distribution of the original parameter isdesired.In many appli
ations the proje
tion data are often not available at ea
hangle of view and may be very limited in number. In parti
ular, su
h kind ofproblems arises in mineral industries and engineering geophysi
s 
onne
ted witha
id drainage, the stability of mine workers, mineral exploration and others[9, 10℄.For these problems the proje
tion operator 
an be represented algebrai
allyand the problem of image re
onstru
tion is redu
ed to solving a system of linearalgebrai
 equations. For solving su
h systems there often used di�erent kindsof algebrai
 iterative algorithms the most well-known from whi
h are ART andMART algorithms [1, 3�8℄. They are generally simple, �exible and permit to usea priori knowledge of the obje
t before its re
onstru
tion that is very importantin many pra
ti
al appli
ations.In this paper we 
onsider the problems of image re
onstru
tion from in
om-plete proje
tion data for some parti
ular re
onstru
tion s
hemes whi
h arise in503
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zynskisome problems of engineering geophysi
s and mineral industry. For solving theseproblems we use the iterative algebrai
 algorithms. Numeri
al simulation of solv-ing problems for image re
onstru
tion from in
omplete proje
tion data for somemodeling obje
ts, 
omparing evaluations of errors and rate of 
onvergen
e ofthese algorithms are presented. It is shown then for some 
hoi
e of parameterswe 
an obtain a good enough quality of re
onstru
tion with these algorithms forsome large number of iterations.2 Problem of in
omplete proje
tion dataLet f(x, y) be a fun
tion whi
h represents the spatial distribution of a physi
alparameter. If L is a line (ray) in the plane then the line integral
pL =

∫

L

f(x, y)dL, (1)whi
h is usually 
alled a proje
tion, is usually obtained from physi
al measure-ments.From mathemati
al point of view the problem of re
onstru
tion from proje
-tions is to �nd an unknown fun
tion f(x, y) by means of a given set of proje
tions
pL for all L. This problem was solved by J. Radon in 1917 in the form of theinversion formula whi
h expresses f in terms of p. Unfortunately, this mathemat-i
al problem represents only an idealized abstra
tion of problems whi
h o

urin pra
ti
al appli
ations. In pra
ti
e we are given only dis
rete proje
tion datathat estimate p for a �nite number of rays. And we want to �nd an image fun
-tion f(x, y), i.e. a re
onstru
ted estimate of the unknown obje
t. Moreover, weare deal with limited pre
ision of measured data and so the proje
tion data aregiven with some errors. Therefore all these restri
tions do not allow us to usethe Radon inversion formula dire
tly.There exist two fundamentally di�erent approa
hes for solving the image re-
onstru
tion problem. In one approa
h the problem is formulated for 
ontinuousfun
tions f and p and the inversion formula is derived in this 
ontinuous model.This method is 
alled the transform method approa
h [2℄. The se
ond approa
his 
onne
ted with dis
retization of the fun
tion f at the outset. The obje
t f andmeasurements p then be
ome ve
tors in the �nite dimensional Eu
lidean spa
e.And for solving this model we use the methods of linear algebra and optimizationtheory. This approa
h is 
alled the fully dis
retized model [2℄.If the number of proje
tion data 
an be obtained large enough and for anydire
tions then in these appli
ations (in medi
ine, for example) it is more pre-ferred to use the transform method approa
h. But in many pra
ti
al appli
ationsthe proje
tion data 
annot be available for ea
h dire
tion and its number is verylimited. In this 
ase we say that we have a problem of image re
onstru
tion within
omplete proje
tion data. In parti
ular, su
h kind of problems arise in mineralindustries and engineering geophysi
s 
onne
ted with a
id drainage, the stabilityof mine workers, mineral exploration and others [9, 10℄.



Title Suppressed Due to Ex
essive Length 505In dependen
e on the obtaining system of proje
tions there are many imagere
onstru
tion s
hemes, the main of them are parallel and beam s
hemes in thetwo-dimensional spa
e. Both of them are represented in Fig.1 and Fig.2.
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heme of image re
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tion
1 � Sour
es2 � Obje
t to be re
onstru
ted3 � Dete
tors4 � Proje
tions
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Fig. 2. Beam s
heme of image re
onstru
tion
1 � Sour
es2 � Obje
t to be re
onstru
ted3 � Rays4 � Dete
tors

In some pra
ti
al problems, in engineering for example, it is impossible to getproje
tions from all dire
tions be
ause of the existing some important reasons(su
h as situation, size or impossibility of an a

ess to a resear
h obje
t). Thissituation arises, for example, in the 
oal bed working. In su
h a 
oal bed duringthe preparing pro
ess for working in dependen
e on the s
heme the a

ess tolongwalls may be very di�
ult or impossible at all. Sometimes it is impossibleto a

ess to one or two sides of longwalls, and sometimes it is impossible only toa

ess to the basis but all the longwalls are a

essible. Ea
h this situation hasits own s
heme of obtaining information.In this paper we present results for image re
onstru
tions only for two dif-ferent s
hemes, whi
h are des
ribed below.
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Fig. 3. The s
heme of a 
oal bed working
1 � Sour
es2 � Dete
tors3 � Unmined 
oal4 � Heading5 � Longwall with me
hanized lining,belt 
onveyor �ight,heading ma
hine so on.6 � Caving or �lling
E � Resear
hing 
oal bed2.1 System 1 × 1Consider the s
heme whi
h is the worst from the view of obtaining proje
tiondata. In this s
heme we have an a

ess to a resear
h 
oal bed from only twoopposite sides. This situation often arise in engineering geophysi
s as well. Inthis 
ase the sour
es of rays are situated only on one side and the dete
tors aresituated on the opposite side of the resear
h part of a 
oal bed. This s
heme ofobtaining information is shown in Fig.4 and we shall 
all it as the system 1× 1.As one may see this system is the most far from the 
ommon systems for image
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Fig. 4. The system 1 × 1.
1 � Sour
es of rays2 � Resear
h obje
t3 � Rays4 � Dete
tors

re
onstru
tion problems (see Fig.1 and Fig.2), where proje
tions 
an be obtainedfrom any dire
tion.2.2 System (1 × 1, 1 × 1)Consider the situation when we 
an have an a

ess to all four sides of a 
oalbed. In this s
heme the sour
es are situated onto two neighboring sides, and thedete
tors are situated on the opposite sides. So the proje
tions 
an be obtainedfrom two pair of the opposite sides. This situation is shown in Fig.5 and we shall
all it as the system (1 × 1, 1 × 1).
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Fig. 5. The system (1 × 1, 1 × 1)

1 � Sour
es of rays2 � Resear
h obje
t3 � Rays4 � Dete
tors
3 Re
onstru
tion algebrai
 algorithmsAt �rst, for 
onstru
ting the full dis
rete model we in
lude a re
onstru
ted do-main D ⊂ R2 into a re
tangle E and divide it into n small elements (pixels). Thefull dis
rete model of the problem of image re
onstru
tion is based on the mainprin
ipal that a resear
h obje
t has the 
onstant distribution inside ea
h pixel.So for any i-th pixel we 
an 
orrespond an unknown xi. Se
ondly, we assumethat sour
es and dete
tors are points and the rays between them are lines. Wedenote by aij the length of the interse
tion of the i-th ray with j-th pixel. Inthis 
ase the problem of image re
onstru
tion is redu
ed to solving a system oflinear algebrai
 equations:

A · xT = pT , (2)where:
A ∈ Rm,n is the proje
tion matrix,

x ∈ Rn is the image ve
tor,
p ∈ Rm is the measurement ve
tor of proje
tion data.This system has a few 
hara
teristi
s: it is a re
tangular as a rule and it hasa very large dimension. For solving this system it is often used di�erent kindof algebrai
 iterative algorithms whi
h are based on the Ka
zmarz method, themost well-known of whi
h are the additive algorithm ART and the multipli
ativealgorithm MART (see [1℄, [3℄-[8℄). These algorithms are very �exible and allowto apply di�erent a priory information about obje
t before its re
onstru
tionthat is espe
ially very important when we have an in
omplete proje
tion data.The basi
 idea of these algorithms is to run through all equations 
y
li
ally withmodi�
ation of the present estimate x(k) in su
h a way that the present equationwith index i is ful�lled.In this paper we use some modi�
ations of these algorithms whi
h we 
allART-3 and MART-3.
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zynskiAlgorithm ART -31. x(0) ∈ Rn is an arbitrary ve
tor.2. The k+1-th iteration is 
al
ulated in a

ordan
e with the following s
heme:x(k+1) = x(k) + Sk

ai(k)

‖ai(k)‖2
, (3)where:

Sk =































0, for |pi − (ai(k),x(k))| ≤ εi;

pi − (ai(k),x(k)), for |pi − (ai(k),x(k))| ≥ εi;

2(pi + εi − (ai(k),x(k))), for pi + εi < (ai(k),x(k)) < pi + 2εi;

2(−pi + εi + (ai(k),x(k))), for pi − 2εi < (ai(k),x(k)) < pi − εi,

(4)where:ai is the i-th row of the matrix A,
pi is the i-th 
oordinate of the proje
tion ve
tor p,
εi is a parameter whi
h de�nes pre
ision of a solutionand i(k) = k (modm) + 1.This algorithm was investigated by G.T.Herman [6℄, and it was used su

ess-fully in medi
ine.Algorithm MART -31. x(0) ∈ Rn is an arbitrary ve
tor and x(0) > 0.2. The k+1-th iteration is 
al
ulated in a

ordan
e with the following s
heme:

x
(k+1)
j =

(

pi

(ai(k),x(k))

)λi
kaij

x
(k)
j , (5)where:ai is the i-th row of the matrix A,

λi
k is a relaxation parameter,

pi is the i-th 
oordinate of the proje
tion ve
tor p,and i = k (modm) + 1.This algorithm was invented and reinvented in several �elds. It was shownthat it is 
onvergent if 0 < λi
kaij ≤ 1 for all i, k, j, and its solution gives thesolution of the linearly 
onstrained entropy optimization problem (see [2℄,[4℄,[8℄).In this paper we 
onsider that λi

k = λ = const for all i, j, k and we usealgorithms ART-3 and MART-3 with following 
onstraining operators:
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C1[x] =

{

x, if x ∈ D;

0, otherwise (6)
(C2[x])i =



















a, if xi < a;

xi, if a ≤ xi ≤ b;

b, if xi > b

(7)
(C3[x])j =

{

0, if pi = 0 and aij 6= 0;

xj , otherwise (8)4 Computer simulation and experimental resultsIn order to evaluate the goodness of the 
ompute re
onstru
tion of a high-
onstru
t image from a limited number of proje
tions and in
omplete data wetested di�erent kind of geometri
 �gures and re
onstru
tion s
hemes.An important fa
tor in the simulation pro
ess of image re
onstru
tion is the
hoi
e of modeling obje
ts whi
h des
ribe the density distribution of resear
hobje
ts. In a 
oal bed, where we sear
h the reservoirs of 
ompressed gas or in-terlayers of a barren ro
k, the density distribution may be 
onsidered dis
reteand the density di�eren
e of these three environments (
oal, 
ompressed gasand barren ro
k) is signi�
ant. Therefore for illustration of the implementationof the algorithms working with in
omplete data we 
hose the dis
rete fun
tionswith high 
ontrast. In this paper we present only the results of 
omputer re-
onstru
tion for two dis
rete �gures and two re
onstru
tions s
hemes 1 × 1 and
(1 × 1, 1 × 1).
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zynskiThe �rst dis
rete fun
tion f1(x, y) is given by the following equation:
f1(x, y) =

{

1, (x, y) ∈ D ⊂ E ⊂ R
2,

0, otherwise (9)where E is a square E = {(x, y) : − 1 ≤ x, y ≤ 1}, and D is a subset of E of thefollowing form:
D = [−0.4,−0.2]× [−0.5, 0.5] ∪ [−0.2, 0.2]× [0.3, 0.5]∪

∪ [−0.2, 0.2]× [−0.1, 0.1]∪ [0, 0.2]× [0.1, 0.3].
(10)The plot of this fun
tion is presented in Fig.6, where the �gure on the leftside is a three-dimensional view of the plot of f1(x, y), and on the right side itis represented the two-dimensional view of the plot of f1(x, y) (the bla
k 
olordenotes the value 0 and the white 
olor denotes the value 1).The se
ond �gure is given by the following equation:

f2(x, y) =































1, (x, y) ∈ D1 ⊂ E ⊂ R
2,

2, (x, y) ∈ D2 ⊂ E ⊂ R
2,

3, (x, y) ∈ D3 ⊂ E ⊂ R
2,

4, (x, y) ∈ D4 ⊂ E ⊂ R
2,

0, otherwise (11)where E is a square E = {(x, y) : − 1 ≤ x, y ≤ 1}, and Di are subsets of E ofthe following form: D1 = [−0.1, 0.3]× [0.3, 0.4], D2 = [−0.3,−0.1]× [−0.6, 0.6],
D3 = [−0.4,−0.3] × [0, 0.1], D4 = [−0.1, 0.2] × [−0.4,−0.3]. The plot of thisfun
tion is given in Fig.7.
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Fig. 7. The original fun
tion f2(x, y).As was shown earlier (see, for example [4, 6, 7℄), the image re
onstru
tion of su
hobje
ts from 
omplete data gives a good enough results after 6-7 full iterations.



Title Suppressed Due to Ex
essive Length 511In this paper we present the numeri
al results of image re
onstru
tion of
hosen fun
tions with two algebrai
 iterative algorithms ART-3 and MART-3for two re
onstru
tion s
hemes 1×1 and (1×1, 1×1). We 
ompare these resultsof re
onstru
tions, and we investigate the in�uen
e of various parameters ofthese algorithms su
h as a pixel initialization, relaxation parameters, numberof iterations and noise in the proje
tion data on re
onstru
tion quality. The
onvergen
e of these algorithms was studied in dependen
e on di�erent theseparameters. The 
onvergen
e 
hara
teristi
 plots are given in view of plots forthe maximum absolute error: ∆ = max
i

|fi − f̄i|, the maximum relative error:
δ% =

max
i

|fi−f̄i|

max
i

(fi)
· 100%, and the mean absolute error δ = 1

n

∑

i

|fi − f̄i|, where fiis the value of a given modeling fun
tion in the 
enter of the i-th pixel and f̄i isthe value of the re
onstru
ted fun
tion in the i-th pixel.The re
onstru
tion result of f1(x, y) with algorithm ART-3 after 15 iterationsin the re
onstru
tion s
heme (1 × 1, 1 × 1) for n = 20 × 20 pixels, m = 644 pro-je
tions is presented in Fig.8. The plot of the re
onstru
tion fun
tion is shownon the left side, and the plot of the mean absolute errors for this image re
on-stru
tion is shown on the right side.
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20Fig. 8: The image re
onstru
tion of f1(x, y) with ART-3 for n = 20×20,

m = 644, iter = 15 for the s
heme (1 × 1, 1 × 1).For 
omparison this fun
tion f1(x, y) was re
onstru
ted with multipli
ativealgorithm MART-3 for the same parameters and λ = 6.9 and the plots, whi
hare presented in Fig. 9, illustrate the dependen
e of the maximum relative errorand the mean absolute error on number of iterations with algorithms ART-3 andMART-3 in the system (1 × 1, 1 × 1):The same fun
tion f1(x, y) was also re
onstru
ted in the system 1 × 1. Theresult of this re
onstru
tion with algorithm ART-3 for n = 20 × 20, m = 788and 100 iterations is shown in Fig. 10.The plots, whi
h are presented in Fig.11, illustrate the dependen
e of themaximum relative error and the mean absolute error on number of iterations ofimage re
onstru
tion of f1(x, y) with algorithm ART-3 in the system (1×1, 1×1)Â and in the system (1 × 1):
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δ b) ARTMARTFig. 9: Dependen
e of the maximum relative error (on the left side) andthe mean absolute error (on the right side) on number of iterations forimage re
onstru
tion of f1(x, y) with algorithms ART-3 and MART-3 for
n = 400, m = 644 in the system (1 × 1, 1 × 1).
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20Fig. 10: The image re
onstru
tion and the mean absolute error of f1(x, y)obtained with algorithm ART for n = 20 × 20, m = 788, iter = 100 in thesystem 1 × 1.The analogous re
onstru
tions were obtained for the fun
tion f2(x, y). Theresults of image re
onstru
tions for f2(x, y) with algorithm ART-3 for the sameparameters are given in Fig. 12.The results of re
onstru
tion of the fun
tion f2(x, y) in the system 1 × 1 isshown in Fig. 13The plots presented in Fig.14 illustrate the dependen
e of the maximumrelative error and the mean absolute error on the number of iterations of imagere
onstru
tion of f2(x, y) with algorithm ART-3 in the system (1× 1, 1× 1) andin the system (1 × 1, 1 × 1):All experimental results in the 
ase of re
onstru
tion of obje
ts from limitedproje
tion data showed that the errors of re
onstru
tion is 
onstantly redu
edwith in
reasing the number of iterations. The following table shows the de-penden
e of the maximum absolute error on the number of iterations for thealgorithm ART-3 for two systems (1 × 1) and (1 × 1, 1 × 1) and the same set ofparameters whi
h were 
hosen above:
iter 100 200 500 1000 1297 2000 system

∆ 0.0306 0.00201 1.209 × 10
−6

6.435 × 10
−12

4.218 × 10
−15

5.44 × 10
−15

1 × 1

iter 10 20 40 50 60 105 system
∆ 0.0077 9.837 × 10

−6
3.127 × 10

−11
3.985 × 10

−14
6.661 × 10

−16
8.881 × 10

−16
1 × 1 1 × 1
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1 × 1 1 × 1Fig. 11: Dependen
e of the maximum relative error (on the left side) andthe mean absolute error (on the right side) of image re
onstru
tion of
f1(x, y) in the system (1 × 1, 1 × 1) and in the system 1 × 1.
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20Fig. 12: The image re
onstru
tion and the mean absolute error for f2(x, y)obtained with algorithm ART-3 for n = 20 × 20, m = 644, iter = 15 in thesystem (1 × 1, 1 × 1).Note that the analogous table was obtained for algorithm MART-3, but inthis 
ase the velo
ity of 
onvergen
e is 
onsiderably less.For obtaining a good re
onstru
tion in all experimental results it is very im-portant, of 
ourse, the 
hoi
e of the main parameters. From our investigation itfollows that the best rate of 
onvergen
e has the algorithm when the number ofpixels (that is, the number of 
olumns of an algebrai
 system of equations) isalmost two times less than the number of all proje
tion data (that is, the numberof rows). The �rst parameter n, the number of pixels, was 
hosen in this paperin su
h a way that, in the �rst, the re
onstru
ted fun
tion may be seen goodenough on the pi
ture, and, on the se
ond, the obtained system of equations maybe solved in the personal 
omputer in a real time. The se
ond main parameter
m, the number of rays, was 
hosen in su
h a way that for some 
onstant num-ber of iteration iter = 10 (note, that for this number of iteration the quality ofre
onstru
tion was already obtained good enough) the re
onstru
tion error wasthe least. For the system (1 × 1, 1× 1) the resear
h for 
hoosing m may be seenfrom the following table:
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tion and the mean absolute error of f2(x, y)obtained with algorithm ART-3 for n = 20 × 20, m = 788, iter = 25 in thesystem 1 × 1.
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Fig. 14: Dependen
e of the maximum relative error (on the left side) andthe mean absolute error (on the right side) of image re
onstru
tion of
f2(x, y) in the system (1 × 1, 1 × 1) and in the system 1 × 1.

m = 28 m = 124 m = 288 m = 388 m = 644

1.000 0.544 0.073 0.0215 0.0077 ∆

100.0 54.42 7.328 2.1538 0.7793 δ%
0.122 0.029 0.002 0.0007 0.0006 δAll algorithms were implemented on IBM/PC (pro
esor AMD Duron XP,1600 MHz) by means of C++ and MATHEMATICA 5.1. One iteration by meansof Mathemati
a 5.1 was implemented approximately 0.5s for algorithm ART-3and 2.5s for algorithm MART-3, and in C++ one iteration for both algorithmsis implemented in a real time.5 Con
lusionThe aim of this paper was an elaboration and 
omparison of the iterative al-gebrai
 algorithms for re
onstru
tion of high-
ontrast obje
ts from in
ompleteproje
tion data. We study the quality and 
onvergen
e of these algorithms. Theexperimental results show that for ea
h 
onsidered s
heme of re
onstru
tion
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essive Length 515there exist the parameters whi
h allow to obtain an enough good quality of re-
onstru
tion after the number of iteration whi
h is 
onsiderably larger than forre
onstru
tion with 
omplete proje
tion data. The 
onvergent 
hara
teristi
s ofalgorithm ART-3 are 
onsiderably better by 
omparison with algorithm MART-3. And the 
on�guration (1×1, 1×1) is 
onsiderably better by 
omparison withthe s
heme 1×1. The number of iterations for a
hieving the stable re
onstru
tionis approximately two times more for the se
ond s
heme by 
omparison with the�rst one. And this number is approximately 10 times more for the the s
heme
(1 × 1, 1 × 1) by 
omparison with the 
ase of the 
omplete data. Moreover, iffor the 
ase of 
omplete proje
tion data there exists a number of iteration forwhi
h we have the best image re
onstru
tion and after this number the error ofre
onstru
tion begins to in
rease, for the 
onsidered s
hemes of re
onstru
tionwith in
omplete data the error of re
onstru
tion redu
es all time while it be
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