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Abstract. A promising way of dealing with complex behaviours of networks of
communicating processes is to use abstractions. In our previous work, interface
abstraction, modelled through a suitable relation, allowed us to ‘interpret’ the
behaviour of an implementation process as that of a specification process, even
in the event that their interfaces differ. The proposed relation is compositional, in
the sense that a composition of communicating sub-systems may be implemented
by connecting their respective implementations. But so farabstraction has been
shown to distribute only over network composition which restricts its usefulness
for compositional correctness analysis. In this paper we extend the treatment to
other process constructs which proved to be useful in the development of complex
distributed applications.

Introduction

The basic issue we aim at addressing in this work is the notionof implementation, and
its relationship to abstraction, in the framework of communicating sequential processes.
In general, we say that a processQ implementsa processP when its behaviour,conve-
niently interpreted through an appropriate form of abstraction, is a potential behaviour
of P , i.e., when the interpretation ofQ is more deterministic thanP . In the following,
we refer toQ as theimplementation(process), and toP as the correspondingspecifica-
tion or targetor base(process).

Development orrefinementconsists in replacing a targetP with a (usually) more
complex or detailed processQ representing a proper implementation ofP for the in-
tended abstraction. This may possibly be accomplished in a stepwise fashion. Every re-
finement step should undergoverification, to be formally proved correct. A refinement
step may be an instance of a known pattern (as inprogram transformation[3]), avoid-
ing the need of verification through a specific, dedicated proof. Moreover, a correctness
proof may also be an instance of application of a general theorem and/or methodology,
as in compositional verification.

Conventionally, in process algebras, such as [12, 14], the notion of implementation
differs from the framework outlined, in that it does not employ abstraction to interpret
the behaviour of the implementation processQ as that of the target processP . The be-
haviour of a correctQ must indeed simplybe(part of) that ofP . Of course, if we shift
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our attention from process behaviour (i.e.,meaning, a semantic notion) toexpressions
of the process algebra at hand (a syntactic notion), we can still see (a different kind of)
abstraction operating. Then, processexpressionq may be seen as an implementation of
a syntactically different expressionp, built out of different parts and operators, if the
behaviour denoted byq, sayQ, is part of that denoted byp, sayP . Thus,‘abstraction’
here means abstraction from syntactic structure, and is applied to both the implemen-
tation and the target process expressions,q andp respectively. Though fundamental,
this abstraction is irrelevant to our notion of implementation, which deals with ‘pure’
processes,Q andP . In it, a processis its behaviour. At the syntactic level, conventional
refinement of course allows the designer to change the control structure of the target
into the desired implementation. However, as implied by theprevious discussion, their
interfacesmust coincide.

In refinement, it is often natural to implement abstract, high-level interfaceactions
at a lower level of detail and in a more concrete manner. For example, an ideal channel
in the target may in practice need to be replaced by a data/acknowledgement unreliable
channel pair. Our abstraction-based implementation relation does provide a solution,
which we deem in principle somehow more flexible than theaction-refinementapproach
(cf. [13, 4, 9]).

In our previous work (see, e.g., [4, 5, 10]), we proposed abstraction-based imple-
mentation relations satisfyingrealisability, which is a property ensuring that an imple-
mentation may be put to good use, andcompositionalitywhich requires implementa-
tion relation to distribute over system composition. Thus,a specification composed of a
number of connected systems may be implemented by connecting their respective im-
plementations. Compositionality is important in avoidingthe state explosion problem
in carrying out automated verification.

Previously, we only dealt with compositionality over the parallel composition op-
erator, a key tool in the construction of concurrent and distributed systems. However,
there are other process combinators which proved to be useful for practical applica-
tions. Therefore, in this paper, we aim at extending proper distributivity results to other
commonly used composition operators.

Another limitation of our previous results was that interprocess communication was
assumed to be point-to-point, with typed input and output channels. We here remove
this restriction as well, so that the proposed treatment candeal with arbitrary patterns
of communication, e.g., broadcast.

The paper is organised as follows. In the next section, we briefly recall some ba-
sic notions used throughout the paper. The following section outlines our previous
approach and results, and the last section sketches the proposed extension. Detailed
motivations for the work on abstraction of interprocess communication, illustrative ex-
amples, and description of other related work, in particular [1, 2, 7, 11, 13, 15], can be
found in [4, 9].

1 Preliminaries

We use the CSP process algebra [8, 14]. A CSPprocessP can be regarded as a black
box which may engage in interaction with its environment. Atomic instances of this
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interaction are calledactionsand must be elements ofP ’s finite alphabet, αP . P ’s
traces, or τP , are the finite sequences of actions thatP can engage in. After a given
tracet, processP may refuseto engage in a set of actionsR, which is a convenient
device to model deadlock-like situations as well as non-determinism. All such pairs
(t, R) form the set ofP ’s failures, φP . Finally, some of the traces may lead to un-
productive internal loops, forming the set ofP ’s divergences, δP .

We now recall the standard CSP operators. Parallel composition,P‖Q, models syn-
chronous communication between processes in such a way thateach of them is free
to engage independently in any action that is not in the other’s alphabet, but they have
to engage simultaneously in any action in the intersection of their alphabets. Parallel
composition is commutative and associative. The deterministic choice,P []Q, and non-
deterministic choice,P ⊓Q, offer an alternative between the behaviours ofP andQ. In
the latter case, no external process has control about whichof these options is actually
followed (this property is useful, e.g., to model executionerrors). Prefixing,a → P , is
a construct which first executesa and then behaves likeP . Hiding a set of actionsA
in P yields processP\A that behaves likeP with the actions occurring at the channels
in A made invisible. Hiding is here the only operator which may introduce divergence.
This happens wheneverP can execute an infinite sequence of hidden actions.

There are also atomic CSP processes like STOPA which denotes a terminated pro-
cess with the alphabetA. One can also use recursive process definitions. For example,
P = (a → P )[](b → STOP) defines a process which can execute actiona any number
of times, and then perhaps executeb and terminate (often STOP’s subscript alphabet is
implicit). We use the following notations concerning traces.

– The empty trace is denoted by〈 〉, and◦ is the concatenation operation for traces.
– w ≤ u means that tracew is a prefix ofu, andw < u thatw is a proper prefix ofu.
– A mappingf from traces to traces is monotonic ift ≤ u impliesf(t) ≤ f(u).
– If w is a prefix ofu thenu − w is the suffix ofu after deleting the initialw.
– Given a tracet and a set of actionsA, the tracet↾A is obtained by deleting fromt

all the actions that do not belong toA.

2 Previous results

In our previous work (see, e.g., [4, 5, 10]), we regard processesP1, . . . , Pn as forming
a networkif no channel is shared by more than twoPi’s. (Note that such a process net-
work assumes a one-to-one interprocess communication.) Wethen defineP1⊗· · ·⊗Pn

to be the process obtained by taking the parallel composition of the processes and then
hiding all interprocess communication, i.e., the process(P1‖ · · · ‖Pn)\B, whereB is
the set of actions shared by two different processes in the network. Network composi-
tion is commutative and associative.

We also use structured actions of the formb:v with v a datamessageandb a com-
municationchannel, and partition the channels of a processP into the input channels,
in P (depicted by incoming arrows), and output channels,out P (depicted by outgoing
arrows). No two processes in a network have a common input (oroutput) channel.

In [10], we place restriction on the kind of allowed base processes, calledinput-
output process(IO processes), by assuming them to be non-diverging processeswith
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all input channels beingvalue independent. Intuitively, in anIO process the data com-
ponent of a message arriving on an input channelc is irrelevant as far as accepting it
is concerned; if one such message can be refused then so can any other message. In
practice, standard programming constructs likec?x for receiving messages give rise to
value independent input channels. The requirement that anIO processP should be
non-diverging is standard in a CSP based framework, as divergences basically signify
totally unacceptable behaviour. The class of baseIO processes is compositional, i.e.,
a network ofIO processes is anIO process provided that the composition does not
generate a divergence.

The notion of extraction patternep (used in [5, 9, 4]) relates behaviour on a set of
“source” channels,B, in an implementation process to that on a “base” channel,b, in
the target process. It has two main functions: that of interpretation of behaviour, ne-
cessitated by interface difference, and the encoding of some correctness requirements.
The key part ofep is anextractionmapping,extr , which interprets a trace over the
source channelsB in terms of a trace over base channelb (thought of as belonging to
the target process). Moreover, mappingextr , by way of its domain, identifies behaviour
over source channels that is correct functionally (i.e., interms of traces); indeed, “in-
correct” traces overB need not (or cannot sensibly) be interpreted, thus making the
domain ofextr potentially smaller. Another mapping,ref , is used to define correct be-
haviour in terms of failures, as it gives bounds on refusals after execution of a particular
trace sequence over the source channels. The extraction mappingextr is monotonic, as
receiving more information cannot decrease the current knowledge about the transmis-
sion. Both notions can be lifted to a finite set of extraction patterns operating on disjoint
sets of channels.
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Fig. 1.Base processP and its implementationQ.

Suppose that we intend to implement a baseIO processP in Figure 1 using another
processQ with a possibly different communication interface, as in Figure 1 where
thick arrows representsetsof channels.. The correctness of the implementation will
be expressed in terms of two sets of extraction patterns,In = {ep1, . . . , epm} and
Out = {epm+1, . . . , epm+n}, where eachepi is an extraction pattern fromBi to bi.
The former (with sourcesin Q and targetsin P ) will be used to relate the communi-
cation on the input channels ofP andQ, the latter will serve a similar purpose for the
output channels.

Under the above assumptions,Q is animplementationof P w.r.t. sets of extraction
patternsIn andOut , denotedQ �In

Out P , if the following hold: (i) all correct traces
of Q can be interpreted as traces ofP ; (ii) it is not possible to executeQ indefinitely
without extracting any actions ofP ; and (iii) a refusal byQ on a source channel setBi,
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exceeding the bound set byref , must correspond to a refusal byP to interact at all on
the target channelbi.

A direct comparison of an implementation processQ with the base processP is
only possible if there is no difference in the respective communication interfaces. This
corresponds to the situation that bothIn andOut are sets ofidentityextraction patterns
with Bi = {bi} andextri an identity mapping (ref may be left undefined). In such a
case, we simply denoteQ � P .

If Q � P then, in particular, all the refusals on input channels are preservedentirely,
while for output channels any refusal byQ to output anything on a given channel is
also present inP . The latter should indeed be considered as a very satisfactory state of
affairs:Q will never fail to provide an output consistent with the specification, unless
the specification process itself explicitly allows no output at all to be produced.

One can therefore consider thatQ � P embodies a fully adequate notion ofrealis-
ability. To further justify this, it is interesting to compare it with the standardrefinement
ordering of CSP, denoted by⊒, such thatQ ⊒ P (i.e.,Q ‘CSP implements orrefines’
P ) basically amounts to stating thatφQ ⊆ φP .

To start with, it is not difficult to check thatQ ⊒ P implies Q � P . Moreover,
� collapses to⊒ for the rather wide class ofoutput-determinedIO base processes
(for such a process, the result produced on a given output channel is deterministic at
any given point of its execution). Another significant comparison can be made in terms
of what can be established by considering the wayP andQ interact with a possible
environment, as shown in Figure 2.
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Fig. 2. Relating base (P ) and implementation (Q) processes in the context of an environmentT .

HereP is any baseIO process,Q � P its implementation w.r.t. suitable identity
extraction patterns, andT an IO process representing the environment. It can then be
shown thatQ⊗T ⊒ P ⊗T . ThusQ⊗T is at least asdeterministica process asP ⊗T in
the sense of CSP (see [8, 14]). This makesQ at least as good asP (and possibly much
better) as a process to be used in practice.

We finally have a fundamental result, that the implementation relation is composi-
tional. LetK andL be two baseIO processes whose composition is non-diverging, as
in Figure 3, and letEpc, Epd, Epe, Epf , Epg andEph be sets of extraction patterns
whose targets are respectively the channel setsC, D, E, F , G andH . Then

M �
Epc∪Eph

Epd∪Epe
K ∧ N �

Epd∪Epf

Epg∪Eph
L =⇒ M ⊗ N �

Epc∪Epf

Epe∪Epg
K ⊗ L .
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Fig. 3. Base processes used in the formulation of the compositionality result.

Hence the implementation relation is preserved through, ordistributes over, network
composition, and the only restriction on combining base processes is that their network
should be designed in a divergence-free way.

3 Extending the model of process abstraction

In the proposed extension of the previous approach, we make asimplifying assumption
that all processes are divergence-free. This is aimed mainly at easing the presentation,
without effectively restricting the applicability of the resulting technique. As a conse-
quence, a CSP processP can be identified with the pair(αP, φP ) (ignoring theδP

attribute). Furthermore, since hiding can introduce divergence, we assume in this sec-
tion that it is a partial operation defined only if divergenceis not generated. In fact,
hiding leading to a divergence indicates a serious mistake in the construction of a pro-
cess; this should be detected and eliminated before the proposed abstraction approach
is applied, in full agreement with the standard CSP philosophy.

It should be stressed that in this section we: (i) do not make any assumptions about
the channels a process can use, just work with the generic alphabets; and (ii) no longer
assume any special properties of the base processes.

To begin with, we introduce a general definition of an abstraction mapping, which
generalises the role played by the extraction patterns.

Definition 1. Let Src (sources) andTrg (targets) be finite non-empty sets of actions.
AnabstractionfromSrc to Trg is a pairabs

df
= (extr , ref ), where:

— extr : dom → Trg∗, wheredom ⊆ Src∗, is a mapping from traces overSrc to
the traces overTrg . It is assumed that the domaindom is non-empty and prefix-
closed, and thatextr is monotonic, strict (i.e.,extr(〈 〉) = 〈 〉), and effective (i.e.,
for every infinite sequencet1 < t2 < . . . of traces indom , the sequenceextr(t1) ≤
extr(t2) ≤ . . . is unbounded).

— ref : dom × 2Src → 2Trg is a total mapping which is subset-monotonic (i.e., if
t ∈ dom andR ⊆ R′ ∈ 2Src thenref (t, R) ⊆ ref (t, R′)) and terminable (i.e.,
ref (t,Src) = Trg, for all t ∈ dom).

Moreover, we denoteabs(t, R)
df
= (extr(t), ref (t, R)), for all t ∈ dom andR ⊆ Src,

and callextr andref an extraction and refusal mappings, respectively.

The intuition behind the above definition is that if(t, R) is a trace/refusal pair for a
set of actionsSrc in an implementation process, then these should be interpreted as
the trace/refusal pairabs(t, R) for a set of actionsTrg in a base process. Sinceextr
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is effective it is impossible for an implementation to execute an infinite trace which is
‘invisible’ as far as the base process is concerned. In some sense this can be viewed
as generalising a divergence freedom requirement on the application of abstraction.
Moreover, asref is terminable, any termination in an implementation process must
correspond to termination in the specification process.

3.1 An algebra of abstractions

To develop a satisfactory treatment of (interface) abstraction for constructors other than
network composition, we now look at the problem of composingabstractions so as to
match the way CSP processes are constructed.

In what follows, givendom ⊆ Src∗ anddom ′ ⊆ Src′∗, we definedom‖dom ′ ⊆
(Src ∪ Src′)∗ to be the set of all traces which, when projected onSrc, give a trace in
dom , and likewise forSrc′.

We first characterise pairs of abstractions which can be composed. Below, we as-
sume thatabs = (extr , ref ) andabs ′ = (extr ′, ref ′) are two abstractions, respectively
from Src to Trg, and fromSrc′ to Trg ′, and with domainsdom anddom

′.

Definition 2. Two abstractions,abs andabs ′, are:

– disjoint if Src ∩ Src′ = Trg ∩Trg ′ = ∅.
– overlappingif Src ∩ Src′ = Trg ∩Trg ′ = ∅.
– 0–compatibleif extr(t) = extr ′(t), for all t ∈ dom ∩ dom ′.
– 1–compatibleif ref (t, R) = ref ′(t, R), for all t ∈ dom∩dom ′ andR ⊆ Src∩Src′.
– 2–compatibleif, for all t ∈ dom ∩ dom ′ andR, R′ ⊆ Src ∩ Src′,

ref (t, R ∪ R′) ∪ ref ′(t, R ∪ R′) = ref (t, R) ∪ ref ′(t, R′) .

For a pair of disjoint abstractions,abs andabs ′, we now construct an abstraction
abs ⊕abs ′ from Src ∪Src′ to the setTrg ∪Trg ′, and with the domaindom‖dom ′. The
extraction mapping is defined by induction on the length of traces, by stipulating that it
be strict, and for allt ◦ 〈a〉 in the domain:

extrabs⊕abs′(t ◦ 〈a〉)
df
=















extrabs⊕abs′(t)◦
(extr(t↾Src ◦ 〈a〉) − extr(t↾Src)) if a ∈ Src

extrabs⊕abs′(t)◦
(extr ′(t↾Src′ ◦ 〈a〉) − extr ′(t↾Src′)) otherwise.

The definition of the refusal mapping is more straightforward, as for allt ∈ domabs⊕abs′

andR ⊆ Src ∪ Src′, we have:

ref abs⊕abs′(t, R)
df
= ref (t↾Src, R ∩ Src) ∪ ref ′(t↾Src′, R ∩ Src′) .

Intuitively, abs ⊕ abs ′ captures the situation when the two abstractions operate ondis-
joint parts of the interface of a system, and the interpretations of behaviours executed
at these interfaces are independent of each other (though the behaviours may be related
in the semantic or operational sense).
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Proposition 1. abs ⊕ abs
′ is an abstraction in the sense of Definition 1.

For a pair of overlapping0&1–compatible abstractions,abs andabs ′, we construct
an abstractionabs ⊓ abs ′ from Src = Src′ to Trg = Trg ′, and with the domain
domabs⊓abs′

df
= dom ∪ dom ′. Moreover, for allt ∈ domabs⊓abs′ andR ⊆ Src,

(abs ⊓ abs ′)(t, R)
df
=

{

abs(t, R) if t ∈ dom

abs ′(t, R) otherwise.

Intuitively, abs ⊓ abs ′ captures the situation when the two abstractions characterise the
behaviour of two alternative versions of a subsystem.

Proposition 2. abs ⊓ abs
′ is an abstraction in the sense of Definition 1.

From a pair of overlapping0&2–compatible abstractions,abs andabs ′, we con-
struct an abstractionabs‖abs ′ from Src = Src′ to Trg = Trg ′, and with the domain
domabs‖abs′

df
= dom ∩ dom ′. Moreover, for allt ∈ domabs‖abs′ andR ⊆ Src,

(abs‖abs ′)(t, R)
df
= (extr(t), ref (t, R) ∪ ref ′(t, R)) .

Intuitively, abs‖abs ′ captures the situation when the two abstractions characterise the
behaviour of two parallel subsystems at a shared interface.

Proposition 3. abs‖abs ′ is an abstraction in the sense of Definition 1.

As in the case of extraction patterns and the realisability results recalled in the
previous section, we also need some kind of abstraction allowing a direct compari-
son of interactions. Theidentity abstraction for a set of actionsA is an abstraction
idabsA from Src = A to Trg = A with the domaindom = A∗, and such that
idabsSrc(t, R)

df
= (t, R), for all t ∈ dom andR ⊆ Src.

Proposition 4. If A ∩ A′ = ∅ thenidabsA∪A′ = idabsA ⊕ idabsA′ .

3.2 Implementation relation

We now introduce the central notion of this paper which, despite its simplicity, is all
we need to capture what it means for one process to correctly implement another, base,
process with a possibly different communication interface.

Suppose that we intend to implement a base processP using another implementa-
tion processQ with possibly different alphabet. The correctness of the implementation
will be expressed in terms of an abstraction from the alphabet of Q to that ofP .

Definition 3. Let P andQ be processes andabs be an abstraction fromαQ to αP .
ThenQ is an implementationof P w.r.t. abs if τQ ⊆ dom andabs(φQ) ⊆ φP .3 We
denote this byQ →֒abs P .

3 Note thatτQ
df
= {t | (t,R) ∈ φQ} and so the first condition ensures that all failures ofQ can

be interpreted by the abstractionabs .
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Hence it is possible to interpret the whole behaviour of an implementation process as
(part of) the behaviour of a base process. This is, clearly, very close to the idea of one
process being a refinement of another in the standard treatment of CSP processes.

A direct comparison of an implementation processQ with the corresponding base
processP is only possible if they have the same alphabetA. Then, ifQ →֒idabsA

P ,
we simply denoteQ →֒ P and obtain the strongest possible realisability result.

Theorem 1. Q →֒ P if and only ifQ ⊒ P .

3.3 Compositionality results

We now establish compositionality properties linking the proposed algebra of abstrac-
tions with the algebra of CSP processes.

We start by assuming that there are two base processes,P andP ′, working in paral-
lel, and two implementation processes,Q andQ′, also working in parallel. In addition
to that there are four abstractions: (i)abs from αQ \ αQ′ to αP \ αP ′; (ii) abs ′ from
αQ′ \ αQ to αP ′ \ αP ; and (iii) abs0 andabs ′0, both fromαQ ∩ αQ′ to αP ∩ αP ′,
which are0&2–compatible and overlapping.

Theorem 2. Assuming the above, ifQ →֒abs⊕abs0
P andQ′ →֒abs′⊕abs′

0
P ′, then:

(Q‖Q′) →֒abs⊕abs′⊕(abs0‖abs′

0
) (P‖P ′) .

The next compositionality result concerns non-deterministic choice.

Theorem 3. LetQ →֒abs P andQ′ →֒abs′ P ′ whereabs andabs ′ are0&1–compatible
overlapping abstractions. Then(Q ⊓ Q′) →֒abs⊓abs′ (P ⊓ P ′).

The last compositionality result deals with hiding.

Theorem 4. LetQ →֒abs⊕abs′ P , andP \Trg be a well-defined defined process. Then
Q \ Src is also defined and(Q \ Src) →֒abs′ (P \ Trg).

Proof. (Sketch) The fact thatabs is effective ensures that hiding the actionsSrc in
Q does not create divergence in view that hiding the actionsTrg does not create di-
vergence inP . ThusQ \ Src is defined, and using the terminability ofabs we may
guarantee that any total blocking on the hidden actions in the implementation process
has a corresponding total blocking on the hidden actions in the base process. This al-
lows one to prove the inclusions of abstracted traces and failures. ⊓⊔

We have demonstrated how one can deal with abstractions in the context of parallel
composition, hiding and non-deterministic choice. Other standard operators of CSP,
such as prefixing, can be treated in a similar way.
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4 Conclusions

We have outlined a general compositional approach which allows one to deal with ab-
stractions in networks of communicating processes. There are several issues which are
of an immediate interest in the future work, such as applyingthe proposed approach to
case studies and adding treatment for other CSP operators. However, we feel that the
crucial one is a provision of algorithms and tools for checking whether an implemen-
tation relation between two processes indeed holds. Such a problem can be attempted
using techniques similar to those introduced in [4] for the setup based on extraction
patterns.
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