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Abstract. The paper deals with an idea of a linguistic knowledge representation 
and a linguistic  inference.  Relational  linguistic fuzzy model with weights of 
rules  is  utilising.   The  probability  of  linguistic  values  of  antecedent  and 
consequent variables, calculated according to Zadeh’s definition, is proposed to 
formulate  a  linguistic  fuzzy  model  of  a  stochastic  system.  The  linguistic 
inference procedures and the exemplary MISO model are presented. 

1   Introduction

Linguistic fuzzy knowledge-based systems, linguistic preparation of information and 
linguistic inference procedures are based on the notion of a linguistic variable [1]. 
Real knowledge­based systems involve both type of information: numeric and linguis­
tic. Knowledge from human experts is expressed in linguistic categories, and informa-
tion discovered from experiments is numerical in its character. Recently, there is an 
increasing interest in using both sources of information for creating models of a high 
accuracy, flexible, and compatible to the features of real systems. It is necessary to de-
fine the interfaces for the clear preparation both types of information [2], by using 
fuzzy meaning and fuzzy description of  a  numeric  value,  defined in  the work of 
Zadeh [1]. 

Stochastic  modelling  of  real  economic,  biological  or  technological  systems has 
been developed by many authors, and there are many stochastic models created under 
different assumptions and hypotheses. In the same time and in the same environment 
of imprecision, knowledge of human experts is a base for rational decisions, or risk 
estimations, expressed by market investors in a form of linguistic variables, sentences 
or rules. 

This paper discusses possibilities of utilising linguistic fuzzy model ling and lingu-
istic inference for stochastic vector process. The idea of a linguistic variable [1] has 
been used for determining linguistic states of the process. The template modelling [7] 
has been used for the partition of the input-output space and to determine the sets of 
linguistic variables.  The empirical probability distributions of linguistic variables of 
the model are calculated according to Zadeh’s definition [3].  Considered linguistic 
fuzzy model can be treated as a fuzzy relational model with weights [4, 5]. Weights of 
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the model represent probabilities of fuzzy events in antecedents and consequences of 
rules [6]. 

2   Representations of a Linguistic Variable 

Linguistic variable which takes values in a form of words or sentences is used for 
expressing the linguistic knowledge representation about the behaviours of examined 
systems. 

According to Zadeh [1] (also [8] and [2]), the definition of a linguistic variable can 
be expressed by the quintuple: 

< x name,L(X),X,G,M> (1)

where
x name – the name of the linguistic variable, e.g., ‘temperature’ ; 
X –  the  universe  of  discourse,  the  domain  of  the  examined  variable,  e.g. 

RX ∈−= ]40,40[  ; 
L(X) – the set of linguistic values (terms) that  x name takes, e.g.  L(X)={low, middle,  

high} ; 
G – a syntactic rule for generating the names LX from the term-set L(X) ; 
M – a semantic function that assigns to each linguistic value  LX  a fuzzy meaning 
M(LX), as a fuzzy subset of  X, e.g.: 

{ }XxxxlowM low ∈= )),(,()( ''µ  (2) 

where )('' xlowµ  is a grade of membership of Xx ∈  in M(low). 

The  membership  functions  define  the  family  fuzzy  subsets  in  X, for  every 
linguistic value from L(X), e.g.: 
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In  many  applications  we  use  the  linguistic  vector  variable 
x

name
T = x

name
1 , .. . , x

name
p  , which is expressed by p linguistic variables considered 

in the universe of discourse, e.g.  X =R p ;  x name is the name of the linguistic vector, 
e.g. ‘ state of market ’, ‘ technological situation ’ or ‘ material characteristics ’;  L 
(X) is the set of linguistic values, e.g. L (X)={weak, good, very good}, L (X)= L (X 1) 
×  … ×  L (X p). 

In knowledge-based systems we can distinguish two dual interfaces, in which the 
two dual functions are implemented: 

- information processing  from the linguistic form into numeric, according to the 
fuzzy meaning M, 

- information processing from the numeric form into linguistic, by using the fuzzy 
description D. 

The fuzzy description D(x) of a crisp value x is a discrete fuzzy subset on the set of 
linguistic values L(X), defined as [1], [2]: 

( ){ })(,)(,)( )( XLLXLXLXxD xD ∈= µ  (6) 

where )()( LXxDµ  is the degree of membership of the linguistic value LX in a 

discrete fuzzy set D(x). 
The following relationship between the membership functions is fulfilling:

)(,),()( )()( XLLXXxLXx xDLXM ∈∀∈∀= µµ . (7) 

For example, the fuzzy description of the crisp value x =15, for linguistic variable 
temperature given above, is a fuzzy subset 

D 15 ={ low ,0  , middle ,0 . 25  , high ,0 .75  }  (8) 

or in another notation

D 15 =0 /low 0. 25 /middle 0 . 75/high . (9) 

3   Stochastic System with Linguistic States 

Consider a certain real system,  represented by the ordered pair  (x,y) of  input  and 
output (states) variables: 

{  x t ,ω  , y  t , ω : t∈T , x∈X , y∈Y , ω∈}  (10) 

where X is the system input domain, Y is the output (states) domain of the system, 
T represents a  time domain,  and  Ω  is  an elementary events domain.  There is  a 
certain probabilistic,  reason-result relationship between variables  x and  y, where  x 
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plays the role of a reason, and y – the result.  We assume the probabilistic measure 
p(x,y) on  a  set  of  realizations  of  the  processes  { x t  , y  t } , t=t k , k=1,2 ,. .. K  
observed at the discrete moments. 

There  are  many  models  of  stochastic  systems,  for  example  an  input-output 
dynamic model, discrete in a time domain T : 

y tk = f [ x t k  , x tk−1  ,. .. , x tk−n  ,. .. , y tk−1  ,. .. , y t k−m ]  (11) 

where  f() can be a multivariable regression function. These types of models are 
well known as Box-Jenkins’ time series models [9]. 

Other types of models take into account a multivariable distribution function of the 
processes { x t  , y  t } , t=t k , k=1,2 ,. .. K  observed at the discrete moments 

p  x , y = p [ x tk  , x t k−1  , .. . , x t k−n , .. . , y t k  , y t k−1 , .. . , y t k−m ]  
. 

(12)

These models are used in more simple forms, as the first order models (e.g. white 
noise) or the second order models (e.g. Markov’s process). 

Consider now (x,y) as a pair of linguistic variables and two types of fuzzy models 
that can give a fuzzy representation of the stochastic process:  Mamdani type fuzzy 
model (13) and Takagi-Sugeno fuzzy model (15) (according to [10], [5]): 

wi [ IF x tk  is Ai , k AND x tk−1  is Ai ,k−1. .. AND x  t k−n  is Ai ,k−n .. .

AND y tk−1 is Bi , k−1 .. . AND y tk−m is Bi , k−m
THEN y  t

k
 is B

i ,k
]

 

(13) 

where i=1,…,I – numbers of rules, x,y –linguistic variables,  Xx ∈ ,  Yy ∈  with 
linguistic  values  sets  L(X),  L(Y), determining  linguistic  states  of  the  system, 
Ai ,k , Ai , k−1 ,... , Ai , k−n  -  fuzzy  subsets  corresponding  to  linguistic  values  of 

variables x t k  , x t
k−1  ,.. . , x  t k−n  , Xx ∈ , 

Bi ,k , Bi , k−1 ,.. . , Bi , k−m  -  fuzzy subsets  corresponding  to  linguistic  values  of 

variables  y t k  , y  tk−1  ,.. . , y t k−m  ,  Yy ∈ , wi  -  weight  of  the  i-th rule, 

probability  of  the  fuzzy  event  representing  the   fuzzy  relation  Ri  in 
11 ++ × mn YX  (according to [6, 11]): 

wi=P Ri =P  Ai , k×Ai ,k−1×...×Ai ,k−n×Bi , k×Bi , k−1×...×Bi , k−m   (14) 
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where ai ,0 , ai ,1 , . .. , ai , n ,b i ,1 ,.. .b i ,m  are the parameters of the regression equation 

in the  i-th part of the  11 ++ × mn YX  domain, calculated by using e.g. the least 
square method and data sets. 

Mamdani type fuzz y model with weights, as (13), allows to express the fuzzy and 
probability uncertainty, by using the frequency of fuzzy events.  Takagi-Sugeno fuzzy 
model (15) levels the probabilistic uncertainty by using the regression method. Both 
models  use  the  information  granulation,  made  by  the  fuzzy  partition  of  the 
consideration space. 

4   General Form of the MISO Linguistic Fuzzy Model 

4.1   Rule Base

A linguistic fuzzy model consists of a collection of rules, the number of rules is a 
combination of all linguistic values of variables in the antecedent and the consequent, 
in the form [10, 5]: 

Ri: wi  IF x1 is A1, i AND x2 is A2, i .. . AND x p is Ap , i

THEN y is B1 w 1 /i 
−−−−−−−−−−−−
ALSO y is B j w j /i 

−−−−−−−−−−−−
ALSO y is BJ w J /i 

 (16) 

where  i=1,…,I –  numbers  of  rules, A1,i ,. . . , A p ,i  -  linguistic  values   of  the 

antecedent  variables  xT=[ x
1
. .. x

p
] , x∈R p ,  defined  by  corresponding 

membership functions μ A1, i
 x1 , .. . μA p ,i

 x p , A1,i∈L X 1  ,. .. , A p , i∈L X p   ; 

,jB  j=1,…,J - linguistic values  of the consequent variable RYy ⊂∈ , defined 

by corresponding membership functions )(y
jBµ , )(YLB j ∈  ; 

iw , ijw / , i=1,…,I,  j=1,…,J - weights of rules, representing probabilities of fuzzy 

events  in antecedents and consequents of the model, calculated according to Zadeh’s 
definition [3], as follows (according to [6] and [11]): 

iw  is a  marginal probability of a joint fuzzy event in the antecedent 

ijw  is a joint probability of the fuzzy event (fuzzy relation) in the antecedent and 

consequent of the elementary rule 

w ij=P  Ai×B j = ∑
 x , y ∈X ×Y

p x , y T  μAi
 x  , μB j

 y  , 
(18) 
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ijw /  is a conditional probability of the consequent fuzzy event 

)(

)(
)/(/

i

ji
ijij AP

BAP
ABPw

×
== , 

(19) 

and p(x,y) is a joint probability function, in a classical sense, which assigns to each 
Borel’s set in YX ×  a real number ]1,0[∈p . 

The weights fulfil the relations 

∑
i=1,2 ,. .. , I

w i=1 ,     ∑
i=1, .. . , I

∑
j=1,. . . , J

w ij=1 ,     ∑
j=1,. . , J

w j /i=1 . 
(20) 

The model (16) can be also written as:

Ri :wi  IF x1 is A1, i AND .. . AND x p is A p , i THEN y is ∑
B j∈LY 

w j /i /B j 
 

( 21 ) 

4.2   Linguistic Inference  

The linguistic fuzzy model (16) describes the fuzzy relation R on the linguistic space 
)()(...)( 1 YLXLXL p ××× .  According to  linguistic  inference presented in 

[2] and using the notion of a probability of linguistic values of the model variables 
[11], the relation can be written as: 

∀ A1,i∈L  X 1  , ... ,∀ Ap ,i∈L X p  ,
 

∀ B j∈L Y : μR  A1, i , .. . , A p ,i , B j =wij

 
(22) 

The linguistic fuzzy output  

D  y ={ B j
, μ

D y 
 B

j
  , B

j
∈LY } , j=1, .. . , J  (23) 

can be  inferred by using Zadeh’s compositional rule and fuzzy input defined on 
L X 1 ×...×L X p  .  The  membership  function  for  every  linguistic  value 

B j , j=1, .. . , J  can be given by the expression: 

μ
D  y 

B
j
=S

i
T T  μ

D  x1 
 A1, i  ,. .. , μD  x p

 A p ,i  , μR A1, i ,. .. , A p ,i , B j   (24) 

where T, S are a t-norm and t-conorm, respectively. 

5   Exemp lary Linguistic Fuzzy Model of the Stochastic Process 

The set of data }{
ktx  of the euro/Polish zloty exchange rate, observed daily in the 

first  year  of  involving  it  into  12  countries  of  the  EU,  has  been  recognized  as  a 



 Linguistic Knowledge Representation for Stochastic Systems  147 

realization of a certain stochastic process. The process will be modelled to predict 
some linguistic value of the process and the probability of its occurrence. 

We assume two variables with delays: 
21

,
−− kk tt xx  as antecedent variables, so 

the created model will represent a fuzzy relation  ),,(
21 −− kkk ttt xxxR  of the 

linguistic variables in a form of rules (16). Three linguistic states of the process have 
been distinguish: L(X)={low, middle, high} and the fuzzy meaning have been defined 
in the process domain X : 

‘ low value of x ’ :  211 /5.0/1 aaA += , 

‘ middle value of x ’:  322 /5.0/5.0 aaA += , 

‘ high value of x ’:  433 /1/5.0 aaA += , 

where 41,..., aa  are disjoint intervals in RX ∈= ]2.4,4.3[ . 

T he joint empirical probability distribution  ),,(
21 −− kkk ttt xxxp  has been 

calculated, using disjoint cube intervals 
3Xaaa kji ∈×× , i,j,k=1,…,4. 

The  3D  empirical  probability  distribution  ),,(
211 −−− kkk ttt xxxP  of 

linguistic variables,   taking the fuzzy states  321 ,, AAA  observed at  moments 

21,, −− kkk ttt  has been computed, according to (18). Then, the marginal and 

conditional  probability  distributions  of  fuzzy  states  have  been  calculated,  by 
summation and using (19), respectively. 

 The  ling uistic  fuzzy  model  consists  of  7  file  rules,  because  two  weights 
representing  probabilities  of  fuzzy  events  in  antecedents  are  equal  to  zero: 

0))()((
12

=∩
−−

highisxlowisxP
kk tt , 

0))()((
12

=∩
−−

lowisxhihgisxP
kk tt . 

The first rule is as follows:

   
R1:0 . 365 IF xt k−2

is low AND xtk−1
is low

THEN y is 0 .84 / low 0 .16/middle 
     

(25) 

Table 1. presents all 7 file rules of the created model in a form of a decision table. 
The weights (real numbers) represent values of conditional and marginal probabilities, 

as  in  (21)  and  (25).  It  is  easy  to  note,  that  ∑
i=1,. .. ,7

wi=1  and 

∑
j=1,2 ,3

w j /i=1, i=1,. ..,7 . 

We show the linguistic inference algorithm taking two exemplary numeric values 

of the process: x tk −2
=39. 5, xt

k−1
=40 . 5  and the elaborated fuzzy model. We want 

to predict the linguistic fuzzy set B of the consequent variable 
ktx  
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highhighmiddlemiddlelowlowB BBB /)(/)(/)( µµµ ++=  (26) 

Table 1. The decision table representing the rule-based fuzzy model of the examined stochastic 
process 

1−tx  

low middle high

2−tx  

low 0.365{
xt is A1 /0.84

x
t

is A
2
/0.16

x
t

is A
3
/0

 0.06 {
xt is A1 /0. 42

x
t

is A
2
/0 .55

x
t

is A
3
/0.03

 
0

middle 0.07 {
x

t
is A

1
/0 .4

x
t

is A
2
/0 .43

x
t

is A
3
/0.17

 0.07 {
x

t
is A

1
/0.10

x
t

is A
2
/0 .85

x
t

is A
3
/ 0.05

 0.025 {
x

t
is A

1
/0

x
t

is A
2
/0 .48

x
t

is A
3
/0.52

 

high 0 0.03 {
x

t
is A

1
/0

x
t

is A
2
/0 .30

x
t

is A
3
/ 0.70

 0.380 {
x

t
is A

1
/0

x
t

is A
2
/0 .07

x
t

is A
3
/0.93

 

By applying  the  fuzzy description  notion  (6)  and the  assumed partition  of  the 
input-output  space,  we  find  linguistic  fuzzy  sets  of  the  antecedent  variables,  as 
follows: 

highmiddlexD
kt /5.0/5.0)(

2)5.39( +=
−  

highxD
kt /1)(

1)5.40( =
− . 

The membership functions for estimated linguistic fuzzy set  B can be calculated 
according to (24), as follows: 

 

(27) 

The value of the expression (27) is equal to zero, because the membership values 
of  the  relations  are  equal  to  zero:  μRmiddle , high , low =0 , 
μR high , high , high =0  

(see Table 1.) and t-norms are also equal to zero. 
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( 28 
) 

 

(29) 

Applying  a  product  t-norm  abbaT =),(  and  a  bounded  sum 
S a , b =min 1,ab   as a t-conorm to the expressions (28) and (29) we calculate 

the fuzzy linguistic value B of the consequent variable 
kt

x , as follows:

μB midle =S {T T 0. 5, 1  , 0. 48  , T T 0 .5, 1  , 0. 7 }=
S 0 . 24 , 0. 035 =0 . 275

 
(30)

μB high =S {T T 0 .5, 1  , 0. 52  , T T 0. 5, 1  , 0. 93 }=
S 0. 26 , 0. 465=0 .725

 
(31) 

Output discrete fuzzy set, determined on the linguistic term set L(X)={low, middle,  
high},  representing  the  forecast  of  the  linguistic  variable  x and  the   levels  of 
affiliation  to linguistic values is equal to:  

B=0 / low  0.275/middle 0.725/high  (32) 

We can also use one of the defuzzyfication methods to calculate the numeric value 

of 
ktx∗  [2]. Both, the fuzzy linguistic set (32) and a possible numeric value state the 

predicted values of the linguistic consequent variable. We can also use the probability 

of  events  P  x t k−2
isAi ∩ x t−1 isA j   to compute the expected value of predicted 

numeric values. Details are shown in [11]. 
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